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ABSTRA CT

This thesis presents several new approaches to the problem of creating a terrain

surfacefrom contours on a regular grid. Previous solutions often generatesurfaces

with several kinds of artifacts, most notably terraces. The solutions presented in

this thesis minimize the terracing e�ect while creating surfacesthat are globally

accurate.

The �rst technique improves upon previous thin plate approximations. The

Intermediate Contours method createsadditional contour lines in between the ex-

isting contours to alleviate the terracing problem. The Maximum Intermediate

Contours method extendsthis idea to the creation of an initial surfaceby contin-

ually computing intermediate contours. Becausepeaks can not be computed by

intermediate contours, a novel approach for computing such areasusing Hermite

splinesis presented. Gaussiansmoothing is applied to smooth the �nal surface.

The secondtechnique makes use of slope information in an initial surface

approximation to create\gradient lines." Thesegradient lines are paths that follow

the steepest slope from local minima to local maxima. An interpolating spline is

�t along the paths to create a surface. Thin plate approximation techniques are

applied to producethe �nal, smooth result.

Finally, an interpolating spline method is presented which computes good

quality surfacesfaster than the aforementioned techniques. Catmull-Rom splines

are computed in the horizontal and vertical directions to create an initial surface

which is then smoothed with the Gaussiansmoothing function.

All of the surfacescreatedby the newmethodsarequalitativ ely analyzed.The

generatedsurfacesare also comparedto current US GeologicalSurvey standards.

Accuracy and smoothnesscriteria show that the surfacescomputed by the new

methods are quantitativ ely superior than previoustechniques.

xiii



CHAPTER 1

It is slightly non-trivial, but not terribly non-trivial.

{ Mukkai Krishnamoorthy

In tro duction

Displaying information via two- or three-dimensionalimagesis becomingincreas-

ingly important in an eraof ever-improving CAD/CAM systems,scienti�c visualiza-

tions of variouskinds, sophisticatedcomputergames,hyper-media,and even virtual

reality. GeographicInformation Systems,or GIS, areno exception. Data pertaining

to the world around us is being collected at increasingrates. As the amount of

information multiplies, GeographicInformation Systemsare called upon to display

the myriad data in the context of geographiclocations.

Over the years, there have beencon
icting and diverseattempts at precisely

de�ning the term Geographic Information System. Although the main theme of

spatial data is omnipresent, ever-changing technology has brought about increased

robustness.In a fairly recent book, Dangermondgivesthis overview of a GIS [17]:

A simple de�nition is that a GIS is an organizedcollection of computer

hardware, software, and geographicdata designedto e�cien tly capture,

store, update, manipulate, and display all forms of geographicallyrefer-

encedinformation. (p. 11)

In Maguire's opinion [56], which seemsto combine most of the earlier def-

initions, a GIS can be thought of as a melding of three di�erent \views:" map,

database,and spatial analysis. The map view enablesthe systemto visually display

a map of a geographiclocation. The databasecontains information pertaining to

the samelocation. Finally, the spatial analysisview allows the user to �nd new in-

formation about the map in question,such as the sizeof someareaor the elevation

1
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of a particular point. Dependingon the user'srequirements, all three viewsmay be

applicable to a GIS at the sametime.

The \map" portion in most GISs are basedon a \la yering" system. The base

layer is a two-dimensionalmap of somegeographiclocation. Data stored in the

database,such as population density, soil type, or utilit y locations is layered over

the basemap in di�erent colors, shades,or patterns which serve to di�erentiate

the information. This is how multiv ariate visualization is achieved in packagessuch

as MapInf o [57] and Ar c/Inf o [26]. In addition, a user may wish to view the

geographiclocation in three dimensions,ascanbe donein a systemsuch asGRASS

(GeographicResourcesAnalysis Support System)[1]. A three-dimensionalsurface

mapof an areais usually storedasa grid of elevation points calleda Digital Elevation

Model (DEM). Using a DEM, a user can view an area in three dimensions,giving

a clearerunderstandingof the problem. The term Digital Terrain Model (DTM) is

alsowidely used,but often implies other attributes in addition to elevation data.

1.1 Imp ortance of Digital Elev ation Mo dels

Aside from the purely aestheticvalueof observingterrain in three rather than

two dimensions,there are many scienti�c and practical usesfor DEMs, including

[11]:

� The needto storedigital topographicmaps. In an agewherealmosteverything

is stored in digital format, it is obvious that maps needto be stored in this

manner aswell. This allows such mapsto be usednot only in pure GISs, but

in other computer applications, such asgames,atlases,and encyclopedias.

� Problems in road designand similar civil and military engineeringprojects.

Viewing a location in three dimensionsmay make it easierto determine the

path of a road through hilly or mountainous terrain, for example.

In January of 1998,a hugeicestorm ravagedupper NewYork stateandparts of

Canada. WAMC [84] reported that MapInf o donatedsoftware and technical

support for the National Guard which was frantically trying to restorepower

in large portions of New York. The MapInf o software was used to create
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maps of speci�c problem areas, making it easier for crews to locate them.

Three-dimensionalmaps may have helped the crews to visualize the terrain

and to determine the kind of equipment necessaryto reach remote areasand

to completerepairs.

� Realistic display of landformsfor such diverseareasaspilot training, weapons

guidance,and landscape architecture.

� Statistical analysisand comparisonof di�erent kinds of terrain.

� Computing slope maps, aspect maps, and slope pro�les that can be usedto

produceshadedrelief mapsand aid in other geomorphologicalproblems. For

example, DEMs have been shown to be useful in mapping 
o od areas[55].

Thesemapscan be usedto predict which areasmay be adverselya�ected by

high water.

� Providing a background for displaying thematic information such as is done

in current GeographicInformation Systemsin two-dimensions.

� The analysis of cross-country visibilit y. For example, a ski area in Oregon

wanted to expandits accessibleterrain. Environmental groupswereconcerned

that the new ski trails would adverselyimpact a hiking trail nearby. A three-

dimensionalrendering of the ski area as viewed from the hiking trail allowed

the designersto incorporate the environmentalists' concerns.As another ex-

ample, a DEM can be usedto help determine how much of the surrounding

area will be able to seeparticular structures, an important consideration in

building a housingdevelopment near undesirabletowers or buildings.

� The elevation data can be replacedby other continuously varying attributes,

thus allowing the DEM to represent \surfaces" of items such as travel time,

cost, population, etc.

Oncedata is collectedor computedand stored in a DEM, other useful infor-

mation can be derived, including pro�les, volume estimation, contour maps, and
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drainage maps, among others [11]. Furthermore, DEMs are not limited to stor-

ing elevation values; they can be used to store any kind of spatial data, such as

range data collectedfrom any kind of object, measurements of real-world items in

three-space,medical imagery, and so forth. In fact, they can be usedto store any

grid-basedphenomenathat a usermay wish to view in three-dimensions.

1.2 Motiv ation

There are several factors which motivate this research. The �rst and foremost

aspect is that there exists a dearth of accurate DEMs available to the GIS user

and researcher. DEMs that are available are often computedusing crude averaging

methods giving only a very generalideaof the topography of a particular area. The

United States GeologicalSurvey (USGS) is currently creating a new databaseof

DEMs; however, this project will take many years.

A secondmotivation is that DEMs are enormous, making storage of such

maps a costly proposition, even with the advancesin memory performance. One

test case,an uncompressed800� 800 DEM of Mt. Washington in NH, requires

about 5 megabytes of memory. An equivalent 800� 800�le containing only isolines

(contour lines) requires1.4 megabytes of space. By storing only the isolines in a

non-griddedformat, the storagerequirements can be reducedstill further to about

12 kilobytes. Note that memory requirements are relative to the type of terrain

represented. Very steepterrain contains more isolinesper unit area; 
atter terrain

contains fewer isolines. In compressedform, the ratio of the spacerequired for the

isolinesto the spacerequirements of the DEM is roughly the same;using the gzip

utilit y, the initial data �le takes about 43 kilobytes of memory, while the DEM

requiresabout 1.7 megabytes. Better compressiontechniquesfor elevation data can

be found in work doneby Franklin [35].

One solution to both problems is to re-createthe three-dimensionalsurface

from only as much data as necessary. There exist many elevation-baseddata sets,

notably Digital Line Graphs(DLG) of the USGS,and other scattereddata formats.

Currently, DLG �les areavailable for most areasof the country. Among other things,

a DLG storesterrain elevation information in conjunction with line segments which
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form contour lines. Taken together, the isolinesform a completecontour map. Such

a contour map canbeusedto interpolateor approximate a surfacefrom the observed

elevation values. If there exists a good method for converting such isoline �les to

accurateDEMs, a given GIS or other mapping systemcould store many moremaps

in the sameamount of memory. In addition, contour line data is usedto model many

other phenomena,such assoft tissuesin medical imaging. The problem, then, is to

producegood quality DEMs from available contour line data.

Computer processorsare becomingfaster and faster. Therefore,usersexpect

results faster than ever before. A secondaryissueis that computing a DEM should

take a reasonableamount of time. Somecurrent methods may take several hours

on powerful machines to compute a surface. A systemthat is highly accuratebut

takesan inordinate amount of time may be lessuseful to a user than onethat runs

faster with perhapsa bit more error.

1.3 New In terp olation/Appro ximation Techniques

There are many techniquesthat have beenusedto interpolate or approximate

a surfacefrom elevation or, equivalently, rangedata. However, many of thesealgo-

rithms are not �rmly grounded in mathematical or physical theory. Furthermore,

the resulting surfacesare often not quantitativ ely or qualitativ ely accurate.

In this thesis, we present two new enhancements to the minimum curvature

surfacewhich produce quanti�ably better DEMs. The method of minimum curva-

ture is one acceptedmethod for producing DEMs. A partial di�erential equation

(PDE) which models a thin plate being draped over the data set is usedto create

such a surface.By itself, this technique doesnot give adequateresults, but it forms

a solid, theoretically soundbasisfor our work. We also present two new and more

direct techniqueswhich producesimilar results but do not needthe solution to the

partial di�erential equation and its attendant high computational costs. Figure 1.1

shows a 
o wchart which portrays the entire DEM construction system and all its

possibilities.

The �rst technique, called Intermediate Contours or IC, producesa better

surfaceby interpolating isolinedata to producemoreelevation points for subsequent



6

Boundary
Interpolation

Spline
Interpolation

Lines
Contour

Final DEM

Thin Plate
Interpolation

Gaussian
ApproximationInterpolation

Gaussian

Surface

Peak
Interpolation

Thin Plate
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Figure 1.1: Flo wchart showing showing all in terp olation and appro xima-
tion alternativ es.

thin plate surfacecomputations. These new elevations comprisenew contours in

betweenpreviously known contour lines. The new \in termediate contours" greatly

improve the basicminimum curvature surface.

The secondtechnique, usessomeinformation inherent in contour lines to pro-

duce \gradient lines." Thesegradient lines are interpolated paths which follow the

steepestslopebetweenlocal minima andmaxima. In sodoing, thesepathscut across

contours, giving better ridge lines and reducingother thin plate inadequacies.Note
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that intermediatecontours can be usedto createa better initial surfaceusedfor the

gradient lines computation.

Finally, we introducetwo methodswhich computeDEMs directly from contour

data, without the needfor any thin plate computations. Except for the initial surface

computation, both methods follow the samestepsto the creation of the �nal DEM.

In the Maximum Intermediate Contours (MIC) method, the maximum number of

intermediatecontours aregeneratedto producethe initial, approximate surface.The

secondalgorithm employs one-dimensionalsplineswhich interpolate acrosscontours

to form the initial surface. Neither method can interpolate peaks. Theseareasare

interpolated separatelyusingHermite splines.Other, small remaininggapsare�lled

with inversedistanceweighting. Finally, a commonsmoothing function is usedto

achieve the �nal surface. Both algorithms are much faster than the thin plate

methods while producing good quality surfaces.

1.4 Organization of Thesis

In this chapter, we have given an overviewof GeographicInformation Systems

in general, and discussedthe importance of Digital Elevation Models. We have

outlined brie
y somenew methods for computing DEMs from contour line data.

Chapter 2 explains the notion of minimum curvature and the useof the thin

plate PDE, and givesa historical review of reconstruction methods. The following

two chapters show how the basic thin plate approach can be improved. Chapter

3 gives the details of the Intermediate Contours (IC) method, while Chapter 4

explains the Gradient Lines method. The two methods which directly compute a

DEM without the need for thin plate computations, the Maximum Intermediate

Contours (MIC) and Fast Spline methods, are given in Chapter 5. In Chapter 6

we discusshow the input �les were createdand de�ne the tests usedto determine

a surface'saccuracy. The experimental results are shown in Chapter 7. In Chapter

8, we discussthe results and give someconclusions.The research contributions are

also reviewed in that chapter, as well as a discussionof future work. Finally, the

Appendix contains other methods that were investigatedbut that did not result in

acceptableDEMs.



CHAPTER 2

I could have substituted 1 for r at the beginning,

but then the result would not be as mathematically interesting.

{ Boleslaw Szymanski

Review of Surface Reconstruction

Much work has been done in the areasof interpolation/approximation by the AI

vision and earth sciencescommunities. In vision, the problem often is referredto as

\surface reconstruction," becausesparseelevation or depth data is transformedto a

surfacewhich will, hopefully, clearly show the underlying object or objects that the

data represents. Similarly, in the earth sciences,elevation data, often in the form of

isolines,is usedto reconstruct the terrain surfacethat the data represent. The two

problemsare extremely similar, but often on a much di�erent scale.

2.1 Surface Reconstruction Using Partial Di�eren tial Equa-

tions

An important goal in the creation of DEMs from contour (or scattered)data

is that the resulting three-dimensionalsurfacebe smooth. The surfaceshould not

have any unnatural dips, curves,or other strangeanomalies.The viewer shouldnot

perceive the underlying data points which were usedinitially to createthe surface.

Partial Di�eren tial Equations (PDEs) can be used to model surfacessubject to

certain constraints. One such PDE is the Laplacian, or heat-
ow equation:

0 =
@2z
@x2

+
@2z
@y2

(2.1)

8
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Wecanmapelevations to temperatures,such that z represents elevations. If we

assumethat contour linesare �xed at known temperaturesand the surfaceconducts

heat uniformly, then each point on the surfacewill converge to sometemperature

equilibrium. The temperaturescan then be mapped back to elevations. Using �nite

di�erence techniques,solving the PDE on a grid results in

0 = zi � 1;j + zi +1 ;j + zi;j � 1 + zi;j +1 � 4zi;j (2.2)

for elevation valuesnot already known at location i; j . However, this method pro-

ducessurfaceswith severe terracing in between the contours, as shown by Wood

and Fisher [89]. A morerobust PDE is onethat modelsa thin plate which is draped

over the observed data points. It usesthe principle of minimum curvature which

restricts the amount of bending in the plate. In its pure form, the thin plate will

passthrough all of the points, resulting in a surfacethat is a true interpolation of the

observed points. In two dimensions,such an interpolant is also called the natural

bicubic spline. An advantage of a surfacefound by this spline is that it belongsto

C(R2); that is, the surfaceis continuous over the two-dimensionalsurface[70]. In

somecases,it may be desirableto let the thin plate passnear the observed points,

rather than through them. Such a process,alsocalleda smoothing spline, produces

an approximation of the surface. An approximated surfacemay be more desirable

than an interpolated surfacedue to its smoothness.Indeed,Hutchinsonand Gessler

concludethat exact interpolation of spatial data using thin plate splines is rarely

appropriate [47], and that smoothing is generallyneeded.Whatever the advantages

and limitations of the thin plate interpolation or approximation method, it is useful

to note that the techniquesare incorporated into several GIS packages[88] such as

Surfer [79], GRASS[1], and SphereKit [78].

2.1.1 Thin plate equations

Given N data points, wherei 2 f 1::N g, the di�erential equation that models

a thin plate is given by:
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f i =
@4z
@x4

+ 2
@4z

@x2@y2
+

@4z
@y4

(2.3)

where f i is the force at position i , x = x i ; y = yi , and z is the elevation at (x i ; yi )

[9]. Note that if there is an observed elevation value wi at (x i ; yi ), then zi = wi .

Integrating twice over the region wherethe data valuesare given, R, and rewriting

using the notation where f xx means@2 f
@x2 , a surfaceinterpolation of the data can be

found by solving:

0 =
Z

R

Z �
f 2

xx + 2f 2
xy + f 2

yy

�
dx dy (2.4)

If an approximation is desired,then the computedsurfacemust only passnear

known values. In such a case,caremust betakensothat the surfacedoesnot deviate

too much from the known data values. Such an approximation can be modeledby

adding 2.4 to a function which minimizesthe total energyE of a system. One such

function [48] is:

E 2 =
nX

i =1

(zi � f (x i ; yi ))2 + � 2
Z

R

Z �
f 2

xx + 2f 2
xy + f 2

yy

�
dx dy (2.5)

where� is a regularizingparameterusedto achieve a smoother solution. Choosinga

small � results in a closeapproximation of the data, while choosinga large � results

in smoother solution [48].

In practical terms, if the data is in the form of a mesh of points (x1; y1) to

(xn ; yn ), and the boundariesare ignored, then using �nite di�erence techniques,the

solution to the above equation 2.4 is the biharmonic equation [9]:
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0 = zi � 2;j + zi;j � 2 + zi +2 ;j + zi;j +2

+2( zi � 1;j � 1 + zi � 1;j +1 + zi +1 ;j +1 + zi +1 ;j � 1)

� 8(zi;j � 1 + zi � 1;j + zi;j +1 + zi +1 ;j )

+20zi;j (2.6)

where each zi;j represents the elevation at (x i ; yj ). This equation can be regarded

asa neighborhood of points, with di�erent weights (coe�cien ts) assignedto current

valuesaccordingto their distancefrom the center:

1

2 -8 2

1 -8 20 -8 1

2 -8 2

1

The boundary valuesat both the edgesand the cornersmust alsosum to 0. Thus,

there are similar equationsfor all boundary points (See[9] or [82]).

The method chosento solve the biharmonic equationis iteration. Convergence

is achieved whenthe absolutechangein all nodesis lessthan some� value, typically

chosento be 0:005. For most DLGs, which give elevation values in meters, this

has the implication that no computed elevation is changedmore than 5mm in one

iteration. The most direct, sequential iterativ e method is the Jacobimethod, where

�nding each new point dependsonly on valuesfound in the previous iteration [91]:

zp+1
i = zp

i � 2;j + zp
i;j � 2 + ::: + 20zp

i;j (2.7)

wherep = iteration.

Somewhatfaster convergencecan be achieved with the Gauss-Seidelmethod

whereby valuesof the current iteration, that is zp+1
i;j , areusedwhenever possible[91].

As the grid becomeslarger, both the Jacobiand Gauss-Seidelmethodsbecome

prohibitiv ely slow; for a grid of n � n points, convergenceis achievedin time O(Ln 2),



12

where L is the number of iterations required. In [80], Terzopoulos contends that

L = nm , wherem = 4 = highest order of partial derivatives,a �gure supported by

Matheson [58]. This gives us a total time complexity of O(n6), a rather daunting

�gure.

A method that speedsup the processby ordersof magnitude is the multigrid

numerical relaxation approach. In very generalterms, the idea is to �nd valuesof

the original, \�ne" grid by reducing the problem to many smaller, \coarse" grids.

The solution to the smallestcoarsegrid is computedquickly and is then usedto �nd

the solution of the next �ner grid. This processrepeatsitself until the solution to the

original grid is found. The multigrid processis a major theme of Terzopoulos [80]

and, to a lesserextent, Smith [77]. Terzopoulos showed that multigrid relaxation

techniques signi�cantly increaseperformance, found to be O(n2 logn) by Briggs

[10]. However, it is di�cult to determinethe true convergencefactor, soBriggs used

heuristics and experimental results (on a rather small sized sample) to reach the

above conclusion. An explanation of the multigrid algorithm as applied in general

and a speci�c example (using the Laplacian) is shown in [65]. This has become

a very popular method, sprouting many tutorials such as those from Briggs [10]

and R•ude [68], amongothers. Douglas[20] points to tutorials, bibliographies,and

software.

2.1.2 Discon tin uities

A major sourceof di�cult y in the production of smooth and accuratesurfaces

from sparsedata using the thin plate approach is that of discontinuities in the

surface. For example, one kind of discontinuity in terrain may be described as a

signi�cant elevation drop betweentwo 
atter areas.This is often the casenearcli�s

or canyons. Such a discontinuity is shown in Figure 2.1, where the vertical bars

represent elevations of a pro�le at regular intervals. The implied discontinuity is in

the problem that there is a 
at surfaceconnectingthe higher elevations and another


at surfaceconnectingthe lower elevations, with no clear indication of the desired

surfacein between. Using the general thin plate method, the resulting surfaceis

shown as the dark line. This curve exhibits behavior that is known as the Gibbs
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Figure 2.1: Pro�le showing discon tin uit y and resulting thin plate surface
(dark line)

phenomenon[29]: there is signi�cant \overshoot" on either sideof the discontinuity.

This is the result of the method attempting to minimize the curvature in areaswhere

the curvature is naturally high. This problem hasbeenhandledin variousways (see

Section2.2).

2.1.3 In terp olation Problems Speci�c to Con tour Data

Although the thin plate equation hasbeenusedin the surfacereconstruction

problem, oneobstacleis unique when using contour line data as opposedto sparse

data. In simplest terms, solving the thin plate equation can be stated as �nding

the weighted averageof a node's neighbors. Considercontour data depicting hilly

or mountainous terrain. Furthermore, consider a contour line A with a certain

elevation, and a secondcontour line B which is at the next lower elevation, as

shown in Figure 2.2. Typically, contour B will have more data points than contour

A, becausemountains get smaller(i.e., contours encloselessarea)asthey get higher.

This raisesthe problem that if one attempts to �nd the elevation of somepoint p

which lies betweenA and B, then the number of elevation valueswhosemagnitude

is near the elevation of B is greater than the number of elevation values whose

magnitude is near the elevation of A. Using Equation 2.4 to �nd elevation values

between two such contours results in a \terracing" e�ect; that is, there are more

lower elevation valuesthan higher values,creating a surfacewhoseaverageelevation

is closer to B than A. This phenomenaworsensas the horizontal (
at) distance

between successive contour lines increases. This behavior is intuitiv e, as a thin

plate tends to 
atness.
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A

B

     P

Profile

Figure 2.2: Pro�le showing terracing problem with thin plate surface

A secondproblem involves the digitization process. Assuming that the base

map is accurate, there are obvious problems when superimposing curves onto a

regular grid. Curves will often exhibit aliasing problems,meaning that there may

be several pixels in a small area depicting a curved portion of a contour. Because

all of these pixels come from the samecontour, they will all represent the same

elevation. It is di�cult for any curvature minimizing equation to interpolate such

areassmoothly. The result is that there will be tiny 
at spots in the areaswhere

such pixels were grouped.

2.2 Surv ey of Thin Plate Metho ds

The ideaof usinga thin plate drapedover observeddata valuesto approximate

a surfaceis not new. Early usestended towards terrain reconstruction,whereasthe

method was later employed often in machine vision applications. A good overview

of someof the early usesof thin plate (and other) splinescan be found in a survey

by Schumaker [70]. Mathematical descriptionscanbe found in a paper by Meinguet

[59].
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2.2.1 Use of Thin Plate Equations in Geology

One of the early attempts at applying the thin plate idea to geologicalprob-

lemswas by Briggs [9] who usedthe notion of minimum curvature to approximate

contours from scattered data; Equation 2.4 was taken from this paper. Briggs's

work lead Swain to implement a FORTRAN version in 1976[77]. Franke [31] also

applied the thin plate interpolation on scattered data. Dyn [23] described how a

bell-shaped basis function can be usedto smooth thin plate surfaces,but did not

show any results. However, Enriquez et al [25] showed that thin plate interpolation

producesmapsof high quality if the data are nonequispaced.

Sometime later, Sandwell [69] proposeda simpler algorithm, using Green's

functions instead of bicubic spline interpolation. His claim is that the method

still �nds a surface with minimum curvature but is more 
exible becauseslope

measurements can be usedinstead of elevation data. The method has limitations,

however; Sandwell notes that it is not particularly e�cien t. More importantly, the

method becomesnumerically unstable the larger the ratio of the greatestdistance

between two points to the least distance between two points becomes. This is a

severe limitation, which Sandwell dealt with by ignoring closelyspacedpoints. This

may not be a viable solution if such points are accurateand should be included in

the solution. This problem may not be as important in Sandwell's case,as he used

the method to interpolate satellite data where,becauseof the nature of such data,

ignoring a few data points would not impact the results in a substantial way.

A more recent development is the addition of tension to the biharmonic equa-

tion by Smith and Wessel[77]. One problem with the direct application of the

minimum curvature method is that Gibbs phenomenamay be observed between

somedata points. Smith and Wesselcounteract this by adding tension to the ends

of the thin plate, thus \
attening" the surfacesomewhat.The resulting equation is

E =
Z

R

Z  

Txx
@2f
@x2

+ 2Txy
@2f

@x@y
+ Tyy

@2f
@y2

!

dx dy (2.8)

whereTxx , Txy , and Tyy represent horizontal forcesper unit vertical length.

The tension parameter has several advantages: it can be adjusted to satisfy
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Figure 2.3: Pro�le showing surfaces with no tension (dark line), some
tension (ligh t line), and in�nite tension (dashed line).

the user'srequirements, the computedsurfacestill honorsthe observed data, and it

is very easyto implement as it is simply changingthe weight of four of the nodesin

the computational neighborhood, shown as the underlined values:

1

2 -8 2

1 -8 20 -8 1

2 -8 2

1

The result is that unwanted in
ections between sharp elevation changesare

minimized, at the expenseof localization of the curvature around the data points.

This can be seenin Figure 2.3. It was found that this method is helpful in certain

situations, such as bathymetric data that contains shelf breaks. The bulge (due to

Gibbs phenomena)near the top of the shelf is signi�cantly reduced[77].

Most recently, Powell [64] discussescomputational di�culties in interpolating

many isolated points and presents an iterativ e method for up to 105 points. The

rather small number of points is a major shortcomingof the method.

2.2.2 Use of Thin Plate Equations in Mac hine Vision

At the sametime that research wason-goingin the earth-sciencescommunity,

similar, relevant work was being done in the area of machine vision and surface

reconstruction;seethe survey paper of Bolle and Vemuri [4] for a discussionof some

of the various methods. Although many results seemto overlap those described

above, there appears to be no direct link between the two groups. Much work in
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Figure 2.4: Pro�le showing surface with springs

the vision area was done by Grimson [40, 41] in the early 80's. He presented a

theory of visual surfaceinterpolation given stereo range data. He minimized the

\quadratic variation" of the surface; this quadratic variation is exactly the thin

plate equation,which he solved in a similar manner to Briggs but which resulted in

di�erent coe�cien ts [41]:

2

4 -16 4

2 -16 40 -16 2

4 -16 4

2

A surfaceis computedby usinghis \gradient projection algorithm," which, for each

iteration, computesa scalarvalue which is addedto the current surfaceapproxima-

tion.

Although Grimson's algorithm producesa thin plate surface, it is computa-

tionally slow and does not handle discontinuities. In [80], Terzopoulos addresses

the e�ciency problems, by using the multigrid approach to solve essentially the

samebiharmonic equationasGrimson. However, a smoothnessterm is addedto the

quadratic functional, as shown as the � term in Equation 2.5. This term models

\springs" at the top of the elevation values, allowing the thin plate to bend in a

more natural way, reducingGibbs e�ects but creating an approximation instead of

interpolation. Figure 2.4showshow the springsin
uence the thin plate neara depth

discontinuity.

Terzopouloscontinuedhis research in this areawith two moreworks [81,82]. In

theselater papers,headdressesthe problemsof depth andorientation discontinuities



18

in detail. In simplest terms, he givesa three-fold solution. In areaswherethere are

no discontinuities, the problem reverts to the normal thin plate solution. Where

there are depth discontinuities in the surface, de�ned as occluding contours, the

idea is to \break" the plate at the discontinuity, resulting in a piecewisecontinuous

solution. Finally, orientation discontinuities, de�ned assurfacecreases,are handled

by substituting a 
exible membrane for the thin plate. The membrane allows for

more bending in such areas.The controlled-continuity stabilizer given in [82] is

� (v) =
Z

R

Z
� (x; y)

n
� (x; y)(v2

xx + 2v2
xy + v2

yy)

+[1 � � (x; y)](v2
x + v2

y )
o

dx dy (2.9)

where � (x; y) and � (x; y) are continuity control functions, the former for depth

discontinuities and the latter for orientation discontinuities. The term v2
x represents

�
@v
@x

� 2
. By varying the valuesof � and � , the surfacecan behave as a membrane at

oneextremeor asa thin plate in completetensionat the other extreme(the tension

parameter is very similar to that reported in [77] later). The surface therefore

has di�ering orders of continuity depending on the presenceof discontinuities. A

major problem of this approach is that the discontinuities must be known a priori .

Terzopouloshandlesthis by comparingdata from multiple sensors[4]. Such data is

typically not available for the terrain modeler in GIS.

Jou and Bovik [50] point out that multigrid techniques, already quite di�-

cult, becomemore so when discontinuities are accounted for. More information

must propagate between the di�erent grid levels, minimizing performancegains.

They suggestusing constraint expansionto compute a much improved initial sur-

face while accounting for discontinuities. A better initial approximation can yield

signi�cant performanceincreases. Furthermore, detected intensity edgesand the

squareLaplacian are usedto locate discontinuities in the initial surface.

Another approach that dealswith the discontinuity problem is given by Sinha

and Schunck [48, 74, 75]. They usea two-stageprocess,where a surfaceg is �rst

constructedbasedon the given data. Then g is usedto generateregular data which
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is usedto construct the �nal surfacef [70]. They usea moving leastmediansquares

regression(MLMS) method on scattereddata to complete the �rst stage. To �nd

the �nal surface,they employ a weighted bicubic spline:

E =
Z

R

Z
! (x; y)

�
f 2

xx + 2f 2
xy + f 2

yy

�
dx dy (2.10)

where

! (x; y) =
� 2

1 + k� (x; y)k2
(2.11)

The smoothing term � is the same as in Equation 2.5, while the value of

� (x; y) is the gradient, making the weight ! adaptive; it is large when the data is


at (small gradient), allowing the surfaceto be smoother. In steeper regions(large

gradient), ! becomeslarge, which corresponds to a surfacewith many steepbends

and pitches. The weight is found in the �rst stageof processing,soe�ciency in the

second,more computationally intensive stage,is not compromised.Obviously, this

too is a surfaceapproximation rather than interpolation becausethis method allows

the surfaceto deviate from the observed data points.

A two-stageapproach that also usesthin plate splines is described by Fang

and Gossard[27]. The �rst stageis the formation of a triangular web over scattered

data. Boundary and characteristic points must be known beforehand.A thin plate

approximation �lls in the surfacebetweeneach of the edgesof the triangles.

2.3 Results Using Previous Thin Plate Metho ds

Although the methods described in Section2.2 may produceadequateresults

in someinstances,they are not deemedsu�cien t for computing surfacesfrom con-

tour data. Except for one test casedoneby Terzopoulos in [80], all of the methods

above usedscattereddata for their input. However, when using contour line data

as input, the basic thin plate approach is not adequatebecauseof the terracing

e�ect that occursdue to the large discrepancybetweenthe number of data points

at oneelevation and the much lower number of points at the next higher elevation.
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For example,considerthe synthetic contour map shown in Figure 2.5, a 257� 257

raster �le containing contours with 20 unit intervals. The normal thin plate inter-

polation method producesthe surfaceshown in Figure 2.6. One can seeeasily the

terracesbetweencontours and someGibbs phenomenanear the highest contour of

the smaller hill. The small, vertical \ripples" in the steep area are the result of

digitization errors due to aliasing of the contours' curves. The thin plate method

simply can not smooth this out becausethere are too many observed valueswhich

are not allowed to deviate from their initial values.

Figure 2.5: A synthetic contour map with in terv al = 20 units

Figure 2.6: Normal thin plate surface in terp olation

To reducethe terracing e�ect, one may allow the surfaceto deviate slightly

from the observed values. If care is taken, the resulting surface�t is closeto the

contour elevations, and the terracing e�ect is diminished somewhat.Note alsothat

this method greatly reducesthe problemsdue to digitization errors; the steepsec-
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tions are now smooth. Allowing � = 0:5, which translates to allowing the observed

value to deviate by one-halfthe distanceto its newly computedvalue, the resulting

surfacefor the synthetic data is shown in Figure 2.7. Although the surfaceis much

smoother than the strict interpolation shown previously, someof the details are

lost. Furthermore, the method has lesse�ect as the distancebetweenconsecutive

contours increases.

Figure 2.7: Thin plate surface appro ximation with � = 0:5

The useof tension has beenshown to alleviate sometypesof terracing prob-

lems. It alsoa�ords a surfaceinterpolation rather than an approximation. However,

tension tends to 
atten the tops of peaksand sometimesactually accentuates the

terracing problem. The surfaceresulting from using tension is shown in Figure 2.8.

As predicted, the tops of both hills are 
at and the contours are easily seen. As

the tension is increased,thesee�ects becomeeven more noticeable. Lastly, in ar-

easwhereconsecutive contours are convex, the surfaceactually tends to be pulled

inward, towards the interior of the contours, much like a cloth object would be if

stretched taught over two curved shapes.

Figure 2.8: Thin plate surface in terp olation with tension
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2.4 Review of Non-PDF Surface Reconstruction Techniques

There are many other interpolation and approximation methods available for

creating terrain surfaces. Whereasthe previous section detailed interpolation and

approximation techniques basedon the physical model of a thin plate, there are

many procedureswhich may be called \manual methods," in the sensethat they

arise from processesdeveloped by cartographers[85]. As these methods evolved,

the computer allowed more data to be usedin the reconstructionsand more com-

plex proceduresto be implemented. Other techniquescomefrom the disciplinesof

Computational Geometry and Computer Graphics. The survey by Schumaker [70]

gives a description of many interpolation and approximation schemesusing scat-

tered data. Gold [37] describesmethods for usein GIS, asdoesthe paper of Weibel

and Heller [86]. The latter alsonotessomeof the problemsspeci�c to contour data,

and givesa very brief summary of someof the more successfulmethods. They also

note that no interpolation method can be called \b est" in all cases.Finally, Franke

[30] tested someof the earlier interpolation methods.

Jones[49] outlines several methods for contouring geologicsurfaces.The eas-

iest way to calculate a node value is to compute the weighted averageof its neigh-

bors. However, this simplistic solution can lead to terracing and furthermore can

not compute an elevation that is greater or lessthan the greatestor smallestdata

elevations, respectively. Computing peaksfrom contours is obviously an impossibil-

it y. Another method discussedby Jonesis onein which functions are �t to selected

points, thereby incorporating data trends. New elevations are interpolated from the

function at the desiredlocation.

Several approachesrely on �rst �nding a set of data points near the location

in question. Thesenatural neighbors are found by Sibson'smethods [73]. A simple,

popular interpolation using natural neighbors and found in many GIS packagesis

inversedistanceweighting. As describedby Watson[85] andHeine[44], the elevation

at a particular point p is found by averagingits neighbors, whereeach neighboring

valueis weighted inverselyproportional to its squareddistancefrom p. For N = n� n

values:
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F (x; y) =
nX

i =1

nX

j =1

f (x i ; yj )=di;j
P n

i=1
P n

j =1 1=di;j
(2.12)

In practice, the distancesare often squared. For practical and accuracy reasons,

the number of data points consideredin the summation is usually boundedby some

neighborhood window around p [44].

Thereareseveral problemsto this approach. The surfaceswill bediscontinuous

at data points which tend to form peaksor valleys. Furthermore, the method su�ers

becauseof clusteringe�ects. ConsiderFigure 2.9. It showstwo consecutivecontours,

A and B. The point to be interpolated is shown asp. Becausethere are more data

values along contour A that are closer to p, the interpolated elevation of point p

will be biasedtowards the elevation of that contour [44]. An addition to the basic

inverse-distanceweighting method is to divide the window into four quadrants [44]

with p in the center, as shown in Figure 2.10. An equal number of points from

each quadrant is chosento calculate the value of p, reducing the clustering e�ect.

However, becausecontours can crossseveral quadrants, as shown in the �gure, the

calculatedelevation is still prone to error.

Figure 2.9: Example of clustering
problem

Figure 2.10: Quadran ts added to
reduce clustering e�ect

A more complicated weighted averaging method is described by Franke [32].

Weighted local approximations are described by:

F (x; y) =
P n

k=1 Wk(x; y)Qk(x; y)
P n

k=1 Wk(x; y)
(2.13)

where W is a weight function depending on distance and Q is a quadratic
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function which must passthrough the point. Together,thesefunctions arecalledthe

Modi�ed Quadratic Shepard'sMethod (Schumaker [70]described Shepard'sMethod

as well). Franke added conditions that allow for discontinuities in the surfaceby

detecting faults or creasesin the data.

A similar but morerobust technique is kriging, wherethe weights of the neigh-

bors are determinedby statistical methods, usingdistributions found in the sample.

This is a method with a long history, dating back to a paper by Krige in 1951.

There are many referencesthat describe the method, amongthem David [18], Jones

[49], Dubrule [21], and Oliver and Webster [61]. It is usedin several GIS packages

[88], including Ar c/Inf o [26] and DOS Surfer [79], both of which su�er from

certain parameterconstraints, Geo-EAS and GEOP ack , both from the EPA, and

GSLIB from Stanford. The basic formulation is:

F (x; y) =
nX

i =1

nX

j =1

� i;j f (x i ; yj ) (2.14)

where� i;j arethe weights andarechosensuch that they sumto oneand, additionally,

minimize the estimation variance. Dubrule notes that kriging and thin plate spline

interpolation are essentially equivalent, the di�erence being that kriging adds the

covarianceand a degreeof trend to the equation. Thus, kriging should be a better

interpolation method becauseit forces the computed surface to more accurately

follow trends in the data, a hypothesisthat is supported by [21]. This immediately

brought about a letter by Philip and Watson [63] who claim that Dubrule's data

inherently madethe kriging surfacemore accurateand that the method of kriging,

in general, is not a more accurate method than some spline methods. Dubrule

responded with [22], in which he writes that he was only illustrating that kriging

can be better. An interesting excerpt from page729is:

Kriging, by minimizing the estimation variance, is designedto provide

estimates which are as close as possible to the actual values. Spline

interpolation, by minimizing the total curvature, is designedto provide

mapswhich have nice cosmeticproperties.
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As discussedin previous chapters, it is obvious that splines alone are not

su�cien t in creating good surfaces.Similarly, Philip and Watson show that kriging

is not always the best interpolating method either. In any case,noneof the methods

weretestedwith contour data, which, asshown before,introducedi�erent problems

to interpolation methods.

Just as kriging is theoretically better than minimum curvature methods be-

causemoreinformation is usedin the interpolation, sotoo is the casewith a blended

gradient method that Watson espouses[85] becauseit usesgradient information in

addition to elevation data. This method is basedpartly on a neighborhood-based

linear interpolation. A linear interpolation of data points doesnot preserve continu-

it y acrossobserved values;rather, peaksor pits are formed around them. In order

to smooth the surface,the gradients arealsocomputedfor each of the neighborhood

points. Sincethere is no surfacefrom which to compute the gradients, thesemust

be estimatedusing any of the methods shown in [85]. The �nal surfaceis found by

\blending" the interpolated elevation valuesand the gradient estimatesasa Boolean

sum1. A Boolean sum is de�ned as the sum of the elevation valuesand projected

gradients minus their di�erence. The inclusion of the gradients allows the surface

to better follow the slope near the data points, which allows the surfaceto be more

continuous around such points. Much like kriging, the resulting surfaceis accurate

and stable becauseit is not dependent on only onedata set.

Another areaof research involvesthe triangulation of the surface.Keppel [51]

triangulates between successive contours to compute a three-dimensionalsurface.

The correctnessof the surfacedependson the number of triangulation points taken

from each of the contours. Furthermore, there is no provision for additional tri-

angulation betweencontours, which results in planar patchesjoining each contour.

There is also no provision for preservingcontinuity at the contour itself, yielding

abrupt changesin slope at each contour. Christensen[15] triangulates contours to

createnewelevation lines in betweenexisting contours. This is similar to the central

idea of Intermediate Contours, explained in Chapter 3. In Christensen'sapproach,

however, several assumptionsare madewhich may not be viable if real contour data

1Watson's term in [85].
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is processed. One of the assumptionsis that all input contours are distinct and

without gaps. Becauseof digitizing errors, contours may blend together or have

other properties that may make it di�cult to distinguish onecontour from another.

Adjacency relationshipsare also assumed,which may also be di�cult to ascertain.

Perhapsproblemssuch astheseprecludedthe author from showing any results from

large portions of a real contour map.

A Triangulated Irregular Network (TIN) is a systemdesignedby Peuker et al

[62] and �rst implemented by Franklin [33] for DEMs that avoids the redundancies

of the rectangular grid method. The TIN is a terrain model employing triangular

facetsperhapsbasedon a Delaunay triangulation of the observation points. Because

there is no notion of \�neness," a TIN can be madeto be more accuratein areasof

complexrelief, such asridge or streamlines. A TIN can be createdusingFranklin's

software [34].

Agishtein and Migdal [3] show that Gaussianinterpolation is a viable tech-

nique, but only if local data is used. Thus, they break the surfaceinto triangles

to form a TIN, and then interpolate. Visually, however, their results seemrather

unnatural. Garcia et al [36] also useda TIN on contour data, but found that tri-

anglesare sometimeshorizontal if all three verticesare on the samecontour. This

technique is usedin the Ar c/Inf o TIN module [88]. A related method is to com-

pute an interpolation using a Voronoi diagram [38]. A test point is inserted into

the diagram, and the areasits Voronoi polygon steals from its neighbors are used

to weight thoseneighbors' elevations. The method reducessomediscontinuities.

There are few algorithms that explicitly usecontour lines as input. The sim-

plest methods �nd the averagebetween two linearly interpolated pro�le lines, one

pro�le oriented N-S, the other E-W [67]. However, theseorthogonal linear interpo-

lation methods often lead to overestimationbecauseof the sameproblemsthat lead

to terracing when using thin plate solutions.

Yoeli [90] described a similar method in which he runs four pro�les from the

desiredpoint until an intersection with a contour line occurs. The distance from

the original point is then usedas a weight to compute the desiredelevation. This

method fails in peak or shallow areas,becausethe computed averagecan not be
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above the highest contour elevation or below the lowest contour elevation.

A better method, called the sequential steepest slope algorithm, initiates an

octant search to �nd the line of steepest descent through the point in questionand

neighboring contour lines. The �nal linear interpolation takesplaceon the selected

line, using the elevations found on the two closestcontours which intersect the line

of steepest descent [54]. Although this method producedadequateresults in most

cases,additional information is necessaryin somevalley and ridge areas. If peak

elevations are not given, such a linear interpolation is unsu�cien t, yielding a 
at

surfaceto the top of a hill. In such cases,additional processingis required. Clarke,

Gruen, and Loon [16]describe a similar method but which insteadcomputesa cubic

interpolation along the line of steepest slope. The additional elevation points can

improve peak areasthat do not include spot heights. Overall, however, they report

similar results from the two methods.

The aforementioned algorithms require the direction of steepest slope. The

slope is often computed using the spatial derivative as described by Carter [12].

The equation is:

Slope0 = Ar cTan

s � � Zx

� X

� 2

+
� � Zy

� Y

� 2

(2.15)

Although seeminglystraightforward, the problem is choosingthe � y (rise) and � x

(run) values. In using gridded data, a natural method is to choosethe rise and run

valuesin each of the eight directions. The steepest slope can then be found easily.

One method that �ts splines to contours is described by Dierckx et al [19].

They samplethe original contours to generatea set of data points which are usedas

knots in their splines. Interpolating splinesare computed from each closedcontour

and �t to the knots in conjunction with a parameter that determinesthe closeness

of the �t. This method may be di�cult to apply to geographicproblemsbecause

map contours are very large and may not be closedwithin the area in question.

Furthermore, the method doesnot useall of the contour data points, choosingonly

a small set as knots for the splines. This will createa surfacethat, in someareas,

be far removed from the underlying data.
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Huber [46] describes a method to improve a contour to DEM algorithm by

detecting ridgesand valleys. Oncedetected,additional elevation points are interpo-

lated along the ridgesor valleysand addedto the original data set. The contention

is that thesepoints signi�cantly improve the surfaceinterpolation usinga wide range

of algorithms. However, Huber doesnot show any resulting surfaces.

Another approach to the interpolation problem is to �nd an equation that

will model the entire surface. Hardy [43] usesthis approach, �nding an equation

from contour data by choosingspeci�c important points such aslocal maxima, local

minima, saddle points, and the like. Although the method may work for simple

surfaces,in most casesthe approach will �nd an equation that models the surface

poorly becauseof its generality; most of the original data is ignored. As shown in

[43], the derived surfacesshow much lessdetail than the original contour maps,and

in many cases,show erroneouscontours.

2.5 Summary

While there are many interpolationa and approximation techniques,the com-

putation of accuratesurfacesis still an unresolved problem. In general,PDE ap-

proachesproducesmooth surfaces,but have a tendencyto produceterraces. If the

terracesare reduced,often other errors are introduced. PDE methods also can be

quite slow. On the other hand, PDE methods are basedon theory, such as the

bending properties of a thin plate. Non-PDE methods are sometimesmore ad-hoc,

such as inverse-distanceweighting or similar weighted-averagetechniques. As such,

they producegenerallypoor surfaces.Of coursethere are somenon-PDE methods

that are more theoretically grounded,such as kriging, which is groundedin statis-

tics. No matter what the method, however, there are very few examplesof any

technique applied to contour data, which seemsodd becauseof the abundanceof

such data. Furthermore, in the few casesthat do usecontour data, there is almost

a completelack of analysisof the resulting surfacesbasedon quantitativ e methods

and especially comparisonsto publishedUSGSDEM data. Without such analyses,

it is di�cult to establishthe merits of many of the aforementioned techniques.



CHAPTER 3

The answer is either m or something else.

{ Eva Ma

Thin Plate Surfaces with In termediate Con tours

In Section2.1.3,we discussedthe terracing problem associated with thin plate sur-

faces. The problem is shown graphically in Figure 2.2. A solution to this problem

using thin plate techniquesis the subject of this chapter.

3.1 In termediate Con tours

Intuitiv ely, a surfacereconstructionalgorithm shouldproducea better surface

when there exist more points in the initial data set. This notion is questioned

by Eklundh and M�artenssonin [24] in which they show that additional data often

adverselya�ect DEM construction techniques. However, their work focusedon the

digitizing processapplied to contours which wereto be usedto createDEMs. They

report operator errors in this process,yielding contour maps with de�ciencies. Of

course,thesede�cienciesare passedto the DEM that is createdfrom such contour

maps. However, if additional accurate data can be generatedin a contour map

through more controlled, programmatic means, then the newly introduced data

valuesshould help in producing a better DEM. This is the idea behind the notion

of computing intermediate contours. The intermediate contours are generatedfrom

existing data before the thin plate surfaceis computed. The processdescribed in

this chapter is shown in Figure 3.1.

A property of contour lines is that, in general,successive lines run approxi-

mately parallel to oneanother. There are several explanationsfor this:

� We are usingcontour mapsthat depict geographiclocations. Out of necessity,

29
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Figure 3.1: Flo wchart showing path of In termediate Con tours
metho d(dark line)

such mapsare large scale(comparedto a contour map of a human heart as is

usedin medical imaging, for example). Maps typically have contour intervals

of between20 and 100feet. In such scales,small changesin local topography,

can not be adequatelyrepresented. It is impossibleto �nd a large boulder or

small 15 foot cli� on a map.

� We presently have no meansto perform enoughprecisemeasurements to com-
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pletely model geographiclocations. It is therefore impossibleto show every

nuancein a contour map. Cartographersmust infer much of the topography

of a regionfrom a scant number of actual measurements. They thereforeusea

reliable contour to approximate neighboring contours which createscontours

that are parallel.

� Although the scaleof most maps is fairly large, the contour interval is suf-

�ciently small to model larger phenomenasuch as large cli�s, canyons, and

bowls. Such natural phenomenausually do not occur soabruptly asto change

two neighboring contours radically. Even cli�s, for example, usually have a

slope curving upwards at the bottom so that contours depict a hill and then

gradually form the shape of the cli� as the elevation increases.

Of course,there are instanceswhen successive contours changeradically. The

bottom of a canyon may be 
at with cli� facesrising steeply in many angles.How-

ever, only the bottom-most contour of the cli� is very di�erent from the contour of

the canyon 
o or; the next higher contour will look very similar to the �rst. Simi-

lar phenomenacan occur at the tops of rounded mountains or hills where the side

suddenly falls away.

Becausecontours run relatively parallel to oneanother, we can usethe infor-

mation contained in consecutive contours to create a new contour line in between

the two original, observed contours. The new contour line has the property that

each point on the line is equidistant from the closestpoint of each of the two neigh-

boring contour lines. Furthermore, the intermediate contour line has an elevation

value that is exactly midway betweenthe elevations of the contours on either side.

This is similar to what a human cartographer would do when drafting a contour

map.

The intermediate contour can give a good approximation of the data values

betweenobserved contours. We explainedin Chapter 2 that thin plate methods do

not work well when contours are spacedfar apart, creating terracesin the process.

Intermediate contours can be especially helpful in such a situation, �lling in data

points wherethere were nonepreviously. The processcan be repeatedusing newly

computed intermediate contours as observed data if it is decidedthat more can be
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Figure 3.2: A \b ean" contour �le Figure 3.3: Bean with additional
in termediate contour

gained by generatingeven more elevations. Once all of the intermediate contours

are obtained, the resulting data set can be interpolated or approximated using the

normal thin plate approach or a combination of those cited in Chapter 2. An

additional bene�t of creating intermediate contours is that convergenceof the thin

plate methods may occur sooner, thus reducing total computation time.

ConsiderFigure 3.2. It depicts two contours which form a hill in the shape of

a bean. This kind of shape is troublesometo minimum curvature methods because

of the largespacesat each end. Intermediatecontours canhelp signi�cantly because

elevation valuesare found in the areaswherethere wereno data points whatsoever,

as shown in Figure 3.3.

The key observation to �nding a point equidistant from two consecutive con-

tour lines is that the steepest slope from any point on a contour is de�ned to be

perpendicular to the tangent at that point. We compute a good approximation

to the perpendicular at a given point by �nding the closestneighboring point on

the next higher or lower contour. A line is created to join the two points on the

consecutive contours, and the midpoint is found easily.

Computing an intermediate contour is donethrough the following steps:

1. Choosea point P1 from onecontour line A

2. Find the closestpoint P2 on contour line B s.t. Belev > Aelev

3. Determine the midpoint Pmid betweenP1 and P2
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4. Calculate elevation: P elev
mid = 1

2(Pelev
1 + Pelev

2 )

We wish to �nd the closestneighboring contour point such that there is a

clearpath from the original point to the newly found position. This puts additional

constraints on �nding the closestpoint on a highercontour. As the search progresses,

if a point with the sameelevation is encountered, that is, a point on the samecontour

line from which we started, the search is terminated in that direction. Similarly, the

search is alsoterminated in the appropriate direction if a contour of lower elevation

is encountered.

We employ Bresenham'scircle algorithm [29] to �nd the closestpoint P2 from

P1, although this may not be the optimal search technique. From P1, circles with

successively larger radii are generateduntil the circle contacts a point P2 which has

an elevation value higher than P1's. The circular search is then terminated and

the midpoint computed. In the casethat there doesnot exist a higher contour line

nearby, the maximum distanceto search canbeestimatedby computing the average

distance between contour lines when the data is initially read in. Bresenham's

algorithm only computesone-eighth of the circle, the other arcsbeingmirror images.

If an invalid contour is crossed(one of the additional constraints), the search is

discontinued for the arc of the circle in which the point is found. Other methods

can be usedin placeof Bresenham'salgorithm to �nd the closestneighboring point,

but it may be di�cult to enforcethe above constraints. Voronoi diagrams were

considered,but the modi�cations to the algorithm to �nd points with di�ering

elevations proved very complicated.

The entire algorithm can be repeated using the newly computed contour as

observed data lines in successive iterations.

3.2 Problems with In termediate Con tour Generation

A problem ariseswhen using data taken from the natural world. Although

successive contours, in general,are parallel, there arise situations where they are

not. Figure 3.4shows onesuch situation. If we assumethat the contour on the right

represents a lower elevation, then the algorithm describedabovebehavespredictably

and produces an intermediate contour as shown in Figure 3.7. However, if the
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Figure 3.4: Tw o non-parallel contour lines

Figure 3.5: Initial in termediate
contour; righ t contour is lower

Figure 3.6: Initial in termediate
contour; righ t contour is higher

elevation of the right contour is higher than the left, then the situation shown in

Figure 3.8 is produced. Clearly, a good intermediate contour is not computed by

the algorithm in this case.

The problem shown in Figure 3.7 can be summarizedas follows. In most

situations, contours are convex; that is, they curve towards the middle of the hill

or mountain. However, Figure 3.8 shows a situation which is similar to a bowl or

ravine. In such cases,the curve of the contour is concave, curving outward from

the center of the mountain. Finding the intermediate contour by following our

algorithm is not su�cien t for such areas. In thesecases,the intermediate contour

can be found after �nding the farthest higher point, or, conversely, the closestlower

elevation, instead of �nding the closesthigher contour as was described previously.

We employ a secondpassof Bresenham'scircle algorithm, this time searching for

the closestlower contour, to get an approximation of the intermediatecontour. The

results of this are shown in Figure 3.5 and Figure 3.6. Thesecan be comparedto

Figures 3.7 and 3.8. Note that the intermediate contour is more complete at the

cost of someoutliers. The reasonfor this is that usingBresenham'scircle algorithm

is not optimal in that it is greedy, terminating as soon as it �nds one point. It is
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Figure 3.7: Final in termediate
contour; righ t contour is lower

Figure 3.8: Final in termediate
contour; righ t contour is higher

possible,however, that there are additional points that are at the samedistance.

The direction of the circular search alsohasan impact on which point is chosen�rst,

which sometimescausesthe search from lower to higher contour to have a di�erent

midpoint than the search from higher to lower contour. Lastly, a circle on a grid

is necessarilynot perfectly round, and somepixels must be skipped. One of these

skipped pixels may, in fact, be the closestneighbor. Becauseof theseproblems,the

intermediatecontour is viewedasa good approximation. In the thin plate processing

stage,therefore, thesecomputed points are allowed to changeto give us a smooth

surface.

3.3 Sample Output

Using the synthetic data from Figure 2.5, two iterations of the intermediate

contour method producecontours as shown in Figure 3.9. The method can be run

iterativ ely until the entire surfaceis computed. However, there may be small gaps

in the computed contours becausethe method assumesthat successive, increasing

elevation contours have a convex shape, generally circling a local maxima. Thus,

in order to reliably �ll in any uncomputedareasand to promote a smooth surface,

the thin plate approximation is applied to create the �nal surface. (A di�erent

method of �lling in the gaps is discussedin Chapter 5.) Figure 3.10 shows the

surfacecomputed from the contours shown in Figure 2.5. Becausethe computed

intermediate contours introduce new elevation values into the initial data set, the

resulting surfaceis much more accuratethan a thin plate approximation alone.

It is sometimesdi�cult to ascertainthe di�erencesbetweenvariousreconstruc-
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Figure 3.9: Synthetic data with two iterations of in termediate contours

Figure 3.10: Surface appro ximation using in termediate contours

tion methodsusingonly three-dimensionalrenderings.Figure 3.11showsgraphically

the di�erencesbetweenidentical diagonalpro�les computedusingdi�erent methods.

A pro�le computedusingthe thin plate with springsis comparedto the intermediate

contour method. The intermediate contour method producesa pro�le that �ts the

observed data much better; that is, it doesnot \sag" betweensuccessive contours

comparedto the thin plate surface.
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3.4 Performance of IC Metho d

The performanceof thin plate methodswasdiscussedin Chapter 2. It remains,

therefore, to establish the performanceof computing intermediate contours. At

each grid position p that contains an observed contour value, a circular search is

performed to �nd the closestneighbor. When the neighbor is found, the search

terminates. The search alsoterminates in octants in which a contour with the same

elevation as p. A �nal condition is that the search terminates at somemaximum

search distance which is de�ned to be the maximum distance between contours,

computedwhen the data is read in.

Wecaneasily�nd the upper boundperformanceof this method, but in practice

it is much lower but very di�cult to quantify . All of the nodesmust bevisited, which

contributes at most n2. At each node, we search for a neighboring contour using

Bresenham'scircle algorithm. The maximum estimate for the search is � r 2, where

r is at most n
2 . This gives us a worst-casetime of O(n4) for one iteration. To

completely �ll the grid requireslogn iterations, resulting in a total of O(n4 logn).

This upper bound can be reached only with completely unrealistic input data.

Basedon our test data, we can computea more realistic upper-bound. While

it is true that there are n2 total points in the grid, most of them do not represent a
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contour location. Using all of our data �les, only a minimum of 3% to a maximum

of 8% of the nodes contain elevation data which will need further processing. In

our test �les the maximum number of elevation valuesis m = 7n, far below n2. For

each of the elevation nodes,a search for a neighbor is done. As before,a maximum

estimate for the upper bound is � r 2, where r is at most n
2 = d, making the �nal

estimate � d2. This upper bound can only occur in the exact center of the grid and

only when there are contours on the very edgesof the grid. Alternativ ely, the worst

caseoccurswhen onecontour is at oneboundary and the another contour is at the

oppositeboundary. In this case,n pixelsmust be searched,but only in half the grid,

giving us the sameestimate. More realistically, we needto search only until another

contour is touched, which depends on the distance between contours. In our test

data, this distancerangesfrom a low of 70 pixels (in a �le wheren = 257) to a high

of 598 pixels (in a �le where n = 900). The distance depends on the topology of

the area,of course,and can changedrastically within the samemap. Furthermore,

portions of the circular search terminate as soon as one of the conditions outlined

above is reached. This is very di�cult to quantify , however. The resulting worst-case

performanceis m� d2 = O(md2) for one iteration. Filling in the entire grid requires

logd iterations for a total of O(md2 logd). It is important to note that after each

iteration, the distancebetweencontours is halved, making each subsequent iteration

twice asfast as the previous. Furthermore, as the contours becomemore dense,the

value of d decreasesto a minimum of 1, which will decreasethe upper-bound to


( n2). Similarly, as the density of the contours decreases,m must decreasewhile d

increasesto a maximum of n. The bound in this caseO(n2 logn).

The total performance is thus the time for the generation of intermediate

contours plus the time for the thin plate processing:

O(md2 logd + n2 logn) � O(n2 logn) (3.1)

3.5 Summary

In this chapter, we have described the Intermediate Contours method. It cre-

ates new, interpolated contours in between existing contour lines. This, in turn,
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provides more data to subsequent thin plate processing,alleviating the terracing

problem in most areas. The intermediate contours are computed without any sig-

ni�can t additional overheadas comparedto the thin plate processing.However, it

should be noted that the thin plate processingcan be rather time consuming.The

addition of intermediate contours may take substantial time as well, especially in

larger grids.



CHAPTER 4

The top of Everest, two vertical miles above, seemedso impossibly distant

that I tried to limit my thoughts to Camp Two, our destination for the day.

{ Jon Krakauer[52]

Creating Surfaces with Gradien t Lines

One of the major problems with isoline data is the fact that data is oversampled

alonga contour line and undersampledacrossthe line [86]. Furthermore, it is known

that the steepest slope is orthogonal to the tangent at a point on a contour line. If

the direction of steepest slope (aspect) can be found at every point, then a path, or

\gradient line," can be found joining a local minima to a local maxima. Using the

elevations from the contours that the path crosses,a spline can be �tted along the

path. Repeating this method for all points will createan interpolated surfacewhich

can then be smoothed asdesired.The resulting surfacedoesnot show the terracing

e�ects due to oversamplingbecausethe gradient lines crosscontours orthogonally.

Figure 4.1 shows the 
o w of control when computing DEMs using the Gradient

Lines method.

4.1 Computing Gradien ts

In order to createa gradient line, the gradient must �rst befound at each point.

From this, the aspect can be computed easily [76]. Given a function z = f (x; y),

the gradient is de�ned by the vector [53]:

r f (x; y) = f x (x; y)i + f y(x; y)j (4.1)

Although this equation can be solved directly, a more accurateresult will be

40
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Figure 4.1: Flo wchart showing path through gradien t lines (dark line)

achieved by di�erentiating twice. A suitable function is the Laplacian:

f (x; y) = f xx + f yy (4.2)

Becausethe Laplacian is a function of x and y, we can substitute it into

Equation 4.1 which yields:

r f (x; y) = f x (f xx + f yy)i + f y(f xx + f yy)j (4.3)
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Oneway to solve such an equation is to employ central di�erences. The three-

point central di�erence equations[39] are:

f xx �
f (x i � 1; yj ) � 2f (x i ; yj ) + f (x i +1 ; yj )

h2
(4.4)

and

f yy �
f (x i ; yj � 1) � 2f (x i ; yj ) + f (x i ; yj +1 )

h2
(4.5)

whereh = grid spacing.

Becauseonly an approximation to the gradient at any point is desired, the

small error term associated with each central di�erence equation can be safely ig-

nored. Assuminga grid of n2 points, (x1; y1) to (xn ; yn) and ignoring boundariess.t.

i; j 2 f 3::(n � 2)g, substituting the central di�erence equation for each f xx and f yy

in the gradient equation yields:2

r f (x; y) = f x

� f (x i +1 ; yj ) + f (x i � 1; yj ) + f (x i ; yj � 1) + f (x i ; yj +1 ) � 4f (x i ; yj )
h2

�

i

+

"

f y

� f (x i +1 ; yj ) + f (x i � 1; yj ) + f (x i ; yj � 1) + f (x i ; yj +1 )
h2

�

� f y

� 4f (x i ; yj )
h2

� #

j (4.6)

Now letting h = 1 and expanding,

=
h
f x (x i +1 ; yj ) + f x (x i � 1; yj ) + f x (x i ; yj � 1) + f x (x i ; yj +1 ) � 4f x(x i ; yi )

i
i

+
h
f y(x i +1 ; yj ) + f y(x i � 1; yj ) + f y(x i ; yj � 1) + f y(x i ; yj +1 )

� 4f y(x i ; yi )
i
j (4.7)

The two-point central di�erence equations[39] are:

2The equations for the borders, where i; j 2 f 1; 2; (n � 1); ng, are similar.
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f x �
f (x i +1 ; yj ) � f (x i � 1; yj )

2h
(4.8)

and

f y �
f (x i ; yj +1 ) � f (x i ; yj � 1)

2h
(4.9)

Substituting the two-point central di�erence equationsinto 4.7 and setting h

to 1 yields:

r f (x; y) =
1
2

h
f (x i +2 ; yj ) � f (x i � 2; yj ) + f (x i +1 ; yj � 1) � f (x i � 1; yj � 1)

+ f (x i +1 ; yj +1 ) � f (x i � 1; yj +1 ) � 4f (x i +1 ; yj ) + 4f (x i � 1; yj )
i
i

+
1
2

h
f (x i +1 ; yj +1 ) � f (x i +1 ; yj � 1) + f (x i � 1; yj +1 ) � f (x i � 1; yj � 1)

� f (x i ; yj � 2) + f (x i ; yj +2 ) � 4f (x i ; yj +1 ) + 4f (x i ; yj � 1)
i
j (4.10)

Each f (x i ; yj ) represents the elevation at location (x i ; yj ). Thus, the gradient

can be computed at any point provided there are valid elevation values found for

each neighboring point. Elevation valuesare estimatedby computing an initial thin

plate surface;employing intermediate contours can yield a better initial surfaceand

thus producemore accurategradient values.

4.2 Finding Gradien t Lines

Oncethe gradient is found, a gradient line can be formed. Starting from any

grid position P1, the next point in the gradient line, P2, is found by moving in the

appropriate direction as indicated by the aspect of P1. Becauseof the limitations of

a regular grid, the actual direction is rounded to one of the eight neighbors of the

point. P1 is then stored and P2 becomesthe starting point to �nd the next point

along the line. When the gradient is found to be zero, a local maxima has been

reached and the search terminates. Similarly, the search progressesin the opposite

direction until a local minima is reached.
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Becauseeach Pi in the line will not lie directly on an observed elevation value,

the next step is to �nd an interpolation of all the unknowns. Each gradient line will

passthrough someknown elevations along contour lines. Theseelevations can form

a basis from which to interpolate by using a one-dimensionalspline. The spline

used becauseof its accuracy in passingthrough each observed data point is the

Catmull-Rom spline, which has desirableC2 continuity [29]. These splines inter-

polate betweentwo points B and C. Continuity is achieved by using the previous

point in the path A and the next point in the path D to guide the interpolation

through B and C. Such a spline is computed for each gradient line, resulting in a

new \shell" of the surfacewhich is quite accurate,especially along ridge lines. The

surfacemay not be very smooth, however, becausethere is no direct relationship

betweenindividual gradient lines.

Figure 4.2 shows two setsof intermediate contours computed using the syn-

thetic data set. In addition, a portion of the gradient lines can be seenfollowing

the steepest slope and crossingcontours. This imagewas generatedby computing

gradient lines for every tenth grid value instead of every point. It can be seenthat

the gradient lines join local minima and maxima, ending in local 
at areas. Some

discontinuities are evident as well; theseare the result of inconclusive gradient es-

timations at certain points. Such gradient valuescan result when the local initial

thin plate surfaceis 
at, such as in an areawherea terrace is observed. In order to

�ll in such gapsand to a�ord a continuous,smooth surface,the minimum curvature

method is employed to producethe �nal result, as shown in Figure 4.3.

As was donein Chapter 3, a diagonalpro�le of the synthetic data was gener-

ated to comparethe results of the Gradient Lines and the thin plate approximation

methods. The resulting plot is shown in Figure 4.4.

4.3 Performance

The performanceanalysis of the Gradient Lines method is, unfortunately,

not straightforward. The �rst stage is to create an initial surface from which to

compute gradients. This is done with the thin plate approximation which takes

at least O(n2 logn). The computation of the gradients is straightforward; it is a
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Figure 4.2: Gradien t lines and in termediate contours

Figure 4.3: Appro ximated surface using gradien t metho d

constant time operation for each of the grid points for a total of O(n2). The di�cult

portion is determining the performanceof the calculation of the gradient lines. For

each grid point not yet visited, a gradient line is computed. The number of nodes

visited along the path is di�cult to determine. At most, it is O(n2), but this can

not happen realistically. However, we may assumethat a line will reach either from

one side to the other of a grid, following either an uphill or downhill trend. Since

the path will not be straight, we can make an estimateof O (cn), wherec is a small

constant. This makes the total gradient lines computation O(n3). The �nal step

in the method is to smooth the resulting surface,again employing the thin plate
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approximation. The completeperformance�gure is then:

O(n2 logn + n3 + n2 logn) = O(n3) (4.11)

for a grid of sizen � n.

4.4 Summary

In this chapter, we have introduced a new method to alleviate the local ter-

racing problem while creating globally good terrain surfaces.The method involves

computing gradient lineswhich are interpolated paths that follow the steepestslope,

an ideasimilar to what someresearchersrefer to as\lofting." As such, the method is

lessarbitrary than, for example,the IC method. The drawbacks to the method are

that the gradient computationsdependon an initial surfaceestimatewhich may not

be su�cien tly accurate to provide good gradients. A seconddrawback is that the

method increasesthe computation costs relative to thin plate methods. However,

an increasein surfaceaccuracywill usually result.
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CHAPTER 5

You can look down in [crevasses]for distancesstretching from 100 feet

to Hadesor China. ...Most of them appear to be bottomless.

Theseare not good things to look at.

{ Tom Lloyd, quoted in [71]

Fast Surface In terp olation/Appro ximation

In this chapter, we discusstwo methods which will accurately compute a DEM

directly from the initial contours without the need for computationally expensive

thin plate methods.

5.1 Maxim um In termediate Con tours

In Chapter 3, we explained how intermediate contours can alleviate someof

the problems encountered when interpolating or approximating using thin plate

methods. We will now show how intermediate contours can be used to create an

almost complete surface through iteration. This method is called the Maximum

Intermediate Contour (MIC) method. In addition to the intermediate contours,

several additional stepsare neededto producethe �nal DEM. The stepsare shown

in Figure 5.1.

5.1.1 Computing Boundaries

By continually computing intermediate contours, we wish to compute the en-

tire surface. However, if the surfacetrend is upward toward a boundary, that is,

successive contours have higher elevations asthey get closerto the edgeof the grid,

then the last contour in the grid will not have any closestneighbors of greater ele-

vation. The method would not compute any new elevation valuesfrom the highest

47
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contour closestto the edgeto the boundary itself. This would leave signi�cant gaps

in the surface.

In order to createintermediatecontours that extendto the edgesof the grid, we

computea boundary rectanglearound the perimeter of the grid having a thickness

of two pixels.3 Two casescan occur: If the grid in question is a contour map of an

areathat is relatively hilly, then there will be somecontours that crossthe edgesof

3The reasonwhy two pixels are computed will becomeclear in Section 5.2.



49

the grid. The solution is to linearly interpolate from onecontour to the next along

the boundary. The four edgesare mapped to a one-dimensionalarray which is then

easily interpolated. That is, for a grid z with n2 points, an array Bound is created

of size 4(n � 1). Bound[1] to Bound[n] stores the �rst row of the grid, z[1][1] to

z[1][n]; Bound[n + 1] to Bound[2n] storesthe rightmost column of the grid, z[1][n]

to z[n][n], and so on for the remainderof the grid in a clockwise fashion. Observed

elevation valuesare noted as such in the array. Valuesare then interpolated from

oneobserved elevation to the next. Care must be taken to interpolate betweenthe

last and �rst observed elevations in the array. Lastly, the one-dimensionalarray is

mapped back to the two-dimensionalgrid. The stepsare repeated for the second,

or inner, boundary de�ned to be the secondpixel from any of the four edges.

In the secondcase,which is very rare, no contour lines crossthe grid edges.If

this occurs,the contour with the lowestelevation is found. This elevation is assigned

to the two perimeter edgesof the grid. While this method is rather arbitrary, the

situation arisesonly if the data is synthetic or if the topology is extremely 
at. In

both cases,the boundary valuesshould su�ce.

5.1.2 Computing In terior Elev ations

The generationof intermediate contours was explained in Chapter 3. They

are useful for providing additional data for thin plate methods, alleviating the ter-

racing problem. By continually computing intermediate contours, almost the entire

surfacecan be approximated. Figure 5.2 shows the result of applying the maximum

intermediate contours to the synthetic contours of Figure 2.5.

Although the surface seemsgenerally good, two problems are immediately

apparent. The �rst is that there areno computedelevations betweenthe boundaries

and the lowest contour of both hills. This is due to the fact that both hills have the

sameelevation for their lowest contours. Sincethe intermediate contour algorithm

looksfor contours at the next higherelevation, no newelevations arecomputed. The

secondproblem that manifestsitself is in the small gapsthat appear throughout the

surface. This problem can actually be broken into two separatesituations: peaks

and non-peaks.For the samereasonthat there are no elevations computedbetween
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Figure 5.2: Result of applying maxim um contours to synthetic data

the boundariesand the lowest contours, there are no valuescomputedfor the areas

de�ning the peaksof both hills. This will always occur and is dealt with by oneof

the methods described in the following sections.The intermediate contour method

is alsolimited by its Bresenhamsearch. The circular search will not always �nd the

closestpoint becauseof reasonsoutlined in Chapter 3. There usually will be small

gapsthat remain after intermediate contour processing.This is handled by �lling

in with inverse-distanceweighting, described later.

5.1.3 Peak In terp olation

Peak areasare usually relatively small portions of the grid that are bounded

by a locally maximum contour. Intermediatecontours cannot becomputedbecause

thereareno highercontours to which to compare.The following method alsoapplies

to areasbetweenthe boundariesand lowest contours of the sameelevation asoccurs

in the synthetic test data.

The elevations in the areasin questionarefoundby computingone-dimensional

splines in the horizontal direction. Shmutter and Doytsher [72] discussanother

method for computing peaks.We originally believed that the splineswerenecessary
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in at least two directions (horizontally and vertically), but this proved not to be

the case. We choseHermite splines [29] for the interpolation. These splines are

well suited for the task becausethey interpolate between two points P1 and P2

by using the direction vectors found at those locations. By taking the direction

vectorsof both endsinto account, a smooth spline is formed that blendsin with the

surrounding surface.

For the Hermite splinesto be as accurateas possible,it is necessaryto �nd

good direction vectors for P1 and P2. Direction vectorscan be found by looking at

the point and its neighbors,but the resultsmay not bevery accuratefor two reasons:

contour digitization and/or errorsfrom intermediatecontour generation. In the �rst

case,in areaswherecontours curve, digitized contours are typically more than one

pixel wide. If a direction vector is computedfrom neighbors of a contour point, it is

possiblethat the direction will be computedas 0 becauseall of the neighbors may

resideon the samecontour. This result would not be correct. In the latter case,

the surroundingareawascomputedpreviouslyby the intermediatecontour method.

Thesevaluesare estimatesof the elevations in the area and are therefore subject

to someerror. The solution is to �nd a previous contour point P0 and a following

contour point P3. Sincethe direction of the vector must coincide with the spline,

no computation is necessary. A good estimateof the slope at point P1 can be found

from the distanceand elevation of P0; likewise,the slope at P2 can be found using

the information from P2 and P3. If the slope is found to be 0 on on both ends,the

elevation at P1 is simply copiedfor all the points betweenP1 and P2.

The entire peakinterpolation algorithm for an n� n grid is thereforeasfollows

(all observed contour elevations are marked as such previously):
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for row r = 1 to n

P1 = 3 // First two columns are boundary values

while P1 < n � 1

P1 = search for an uncomputed area starting from P1

P0 = previous marked contour 6= P1's contour

P2 = end of uncomputed area

P3 = next marked contour (not the samecontour as P2)

slopelef t = (Pelevation
1 � Pelevation

0 )=(P1x � P0x)

sloper ight = (Pelevation
2 � Pelevation

3 )=(P3x � P2x)

if ( slopelef t = 0 and sloper ight = 0)

set elevations between P1 and P2 = Pelevation
1

else

compute Hermite spline between P1 and P2 using

slopelef t and sloper ight

endif

P1 = P2 + 1

endwhile

endfor

5.1.4 Filling in Gaps

Referring back to Figure 5.2, there will still be small gapsin the surfaceafter

executing the peak interpolation procedure. These gaps are typically small and

thus powerful interpolation techniquesare not required. Furthermore, the surfaces

surrounding the gapsare good approximations found by the intermediate contour

method. We useinversedistanceweighting to �ll in the small remaining gaps:

z(x; y) =
wlef t � z(x lef t ; y)

wsum
+

wup � z(x; yup)
wsum

+
wr ight � z(xr ight ; y)

wsum

+
wdown � z(x; ydown )

wsum
(5.1)
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where z(x; y) = elevation at location (x; y)

wlef t = 1
(x lef t � x)2

wup = 1
(yup � y)2 , etc.

wsum = wlef t + wup + wr ight + wdown

and the subscripts lef t, up, r ight, and down represent the location of the closest

known elevation in each of thosedirections.

This method doesnot su�er from its usualde�cienciespreciselybecauseof the

good approximations of the surfacesurrounding the unknown areas. Theseareas

are �lled in accurately and quickly.

5.1.5 Smoothing

The last step in the creation of the DEM is smoothing. In the computation

of intermediate contours, there is no provision for ensuring that a new elevation

blendsin with its neighbors. Similarly, there is no continuity assuredin the vertical

direction of the peakinterpolation procedure.Consequently, it is necessaryto apply

a smoothing �lter over the entire surfaceto minimize the total curvature and to

promote better surfacecontinuity.

In the previousmethods described in Chapters3 and 4, the thin plate compu-

tation createdthe smooth and continuoussurface.However, the thin plate method

was usedto interpolate values,at high computational cost. With the maximum in-

termediate contour method, the entire surfaceis already computed,and a function

is neededto smooth the result. A good smoothing function is the Gaussian�lter.

In onedimension,it is de�ned by:

g(x) = e� x 2

2� 2 (5.2)

where � represents the width of the Gaussian;a larger � yields more blurring [48].

We can createa �v e-point approximation by using the coe�cien ts of the binomial

expansionto createa one-dimensional,�v e-element �lter:



54

z(x) =
1
16

�

z(x � 2) + 4z(x � 1) + 6z(x) + 4z(x + 1) + z(x + 2)
�

(5.3)

wherez(x) represents the elevation at location x. Equations for elevations near the

edgesof the grid are similar. We arrive at a convolution of the entire surfaceby �rst

convolving the grid in the horizontal direction by Equation 5.3,and then convolving

the surfacewith the same�lter in the vertical direction. In the caseof convolving in

the vertical direction, z(x) is simply changedto z(y). Convolving in both directions

is consideredonepassof the �lter; the usercanchoosethe number of passesdesired.

Note that each passof the �lter will smooth the surfaceby e�ectively lowering the

global elevation. Care must be taken to produce a surfacethat is smooth while

maintaining an acceptablelevel of accuracy.

Wehave two versionsof the Gaussiansmoothing in the maximum intermediate

contours method. Notice that in Equation 5.3 the value of z(x) is changed. If

onedesiresan interpolation of the surfacefrom the contour data, then the original

contour elevationsshouldnot bechanged. In what wecall the Gaussianinterpolating

�lter, we �rst check if the elevation to be smoothed, that is, z(x), is marked as an

observed contour value. If so, the point is skipped. If it is not marked, the point is

smoothed by the �lter. If the userwishesa surfaceapproximation, then the valueof

z(x) is always replacedby the Gaussian�lter result. The approximation is usually

preferablebecauseit givesa much smoother result.

The �nal result of all of the stepsof the maximum intermediatecontour method

as applied to the synthetic �le can be seenin Figure 5.3.

5.2 Fast Spline In terp olation

In Chapter 4, we discussedthe Gradient Lines method which usesCatmull-

Rom splinesto createan initial estimation of the surface.Thesesplinespassdirectly

through the control points, making them true interpolants. Furthermore, the splines

are desirablebecausethey exhibit C2 continuity, making them very smooth. Once

all of the splinesare computed, the surfaceis completedby applying a thin plate
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Figure 5.3: Final surface using MIC metho d

method.

The problem that manifestsitself in the construction of gradient lines is the

calculation of the gradient which is basedon a thin plate surfaceapproximation. If

the initial approximation is poor, then the computedgradients will not be accurate,

yielding gradient lines that do not necessarilyfollow the steepest slope. Sincethat

method is only an approximation, we can use the sameCatmull-Rom splines in

horizontal and vertical directions to get an alternative approximation. The splines

alone will form the surface,obviating the needfor any computationally expensive

thin plate processing.This method, which we call simply the Fast Spline method,

is much faster than the Gradient Lines method, although it may be slightly less

accurate. The stepsof the entire procedureare shown in Figure 5.4.

The heart of the procedureis the Catmull-Rom spline. Thesesplinesassume

four control points: two endpoints and two interior points. The interpolation occurs

between the two interior points. The splineswill be applied in the horizontal and

vertical directions acrossthe entire grid. There is a very small likelihood that there

will be a contour coinciding with a grid boundary, so there will not be any data

for the spline to interpolate until the �rst two contours are crossed.It is therefore

necessaryto have at least two values computed at the boundary for the spline

to interpolate to the edgeof the grid. The boundary computation described in

Section5.1.1handlesthis problem.

The algorithm proceedsas follows. Catmull-Rom splinesare computedfor all
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vertical and horizontal lines in the grid. Boundary values and contour elevations

are usedas control points in the splines. The splinesare computed for all interior

control points except in areaswherethe two endshave the sameelevation. In such

a case,the spline may perform poorly, especially if the contours are far apart. The

result would be a surfacethat may be too 
at. Oncea vertical or horizontal spline

is computed, all of the valuesare marked. All marked valuesare used as control

points in subsequent spline computations.
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Figure 5.5: Result of four itera-
tions of splines on synthetic data

Figure 5.6: Result of applying
splines to synthetic data

In order to avoid horizontal or vertical bias, the splines are computed in a

lattice fashion. The next spline to be computedis always the middle row or column

of the areanot yet computed. Thus, the �rst splineto becomputedis the row in the

middle of the grid. In a grid of sizen � n, this would be row n=2. This splits the grid

into two horizontal areas. The next spline is the column in the middle of the grid,

or column n=2. Ignoring the row splines,this splits the grid into two vertical areas.

This completesone iteration. In the next iteration, the splinesto be computedare

in the middle of each of the areascreated in the �rst iteration. Thus, the next

splines will be in row n=4 and n � n=4 in the horizontal direction. The vertical

direction is computedanalogously. This continuesuntil the entire grid is computed.

Figure 5.5 shows the synthetic data after four iterations of the algorithm. Note that

there are no valuescomputedbetweenthe boundariesand the lowest contours and

other areaswhere the two endsof the spline are at the sameelevation. However,

after more iterations, splinesin the orthogonaldirection will �ll in all gapsbetween

contours, as shown in Figure 5.6. Only peaksremain to be �lled with the possible

addition of the areabetweenthe boundariesand the lowest contours in the caseof

synthetic data.

The splines are not used to compute peaks becausethey tend to produce
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Figure 5.7: Final spline surface from synthetic data

surfacesthat are too 
at. The sameprocedureusedin the MIC method to compute

peaks, described in Section 5.1.3 is employed here as well. The �nal surface is

smoothed using the sameGaussian�lters as described in Section5.3.

5.3 Performance

All of the thin plate methods have the major drawback of high computation

time. As discussedin Chapter 2, convergenceoccursat best in O(n2 logn) time for

a grid of sizen � n. This result was achieved by computing a convergencefactor

basedon experimental resultson very small samples[10]. The convergencefor a large

grid typical of terrain data may be quite di�erent, putting the performanceclaim

into question. Nevertheless,the methods described in this section show improved

computation performance.In what follows, the grid sizeis assumedto be n � n.

5.4 Performance of MIC Metho d

The �rst step in the MIC method is the boundary interpolation. This is only

a matter of linearly traversing each edgeof the grid. This is done twice to get a

thicknessof two necessaryfor the spline interpolation. The length of each edgeis

n, making the total for the outermost edge4(n � 1). The inner boundary, that is 1

pixel from the edge,is 4(n � 2). The total is thereforeO(n).

The secondstep is the computation of the intermediate contours. The perfor-
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manceanalysiswasdiscussedin Section3.4,and is O(md2 logd), wherem represents

the number of contour points and d represents the maximum distancebetweentwo

successive contours. Note that if m is the entire grid, i.e., n2, then d becomes1.

Conversely, if d is large, i.e., n, then m must be small.

The third stepis the interpolation of peaksusingthe Hermite splinetechnique.

The splines are computed in only one dimension. This is done quite easily by

examining each of the n rows of the grid. While traversing the n columns in a

row, we determine if a peak exists by �nding the two endpoints of a non-computed

area. A peak is found if the endpoints lie on the samecontour. The slopes are

computed at each end in constant time, and the values interpolated between the

endpoints using the Hermite spline. At most, n � 4 points must be interpolated,

the four points being the already interpolated valueson the boundariesat each end.

The total time to computeonerow is thereforen for searching plus (n � 4) for the

spline computation. For the entire grid, the total computation time is therefore

n(n + (n � 4)) = O(n2).

The next stage in the method is to �ll in any remaining gaps using inverse

distance weighting. Once again, the entire grid must be searched for any non-

computedpixels,which is n2. If such a pixel is found, the inverseweighting operation

looksat most n
2 pixels in four directions for a total of 2n. At worst, the total time is

O(n3); however, the remaining gapsare usually only a few pixels wide on each side,

making this closerto a constant time operation in practice. Furthermore, most of

the grid points will not needany processingin this stage.

The last stage of the method is the Gaussiansmoothing. At each point in

the grid, the calculation involves that point and four neighboring pixels which is

constant time. This is done in the horizontal and vertical directions for a total

of 2n2. The user can opt for the number iterations g of this method, making the

performanceO(gn2). In practice,g is never morethan 10, reducingthe performance

�gure to O(n2).

The worst-caseperformanceevaluation of the MIC method is therefore:

O(n + md2 logd + n2 + n3 + n2) � O(n3) (5.4)
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In practice, it is the intermediate contours computation which takesthe most

time. If we assumethat it takesO(n3) time, it is lesscomputationally e�cien t than

the multigrid thin plate methods, which may be O(n2 logn). The MIC method is

much faster than the iterativ e thin plate methods. In any case,the MIC method

producesmeasurablybetter surfacesthan the thin plate methods alone;seeresults

in Chapter 7.

5.5 Performance of Fast Spline Metho d

The performanceevaluation of the Fast Spline method is much simpler than

that of the MIC method. The �rst step in the method is to computethe boundaries.

As shown in the previoussection,this is O(n).

The next step of this method involves computing Catmull-Rom splines for

every row of the input �le. The calculation of a spline is linear in the number of

valuesto interpolate. At most, we must interpolate n � 4 pixels per row, with the

four boundary values already computed. The spline is computed for each of the

n � 4 rows, for a total of O(n2).

The smoothing operation is the last step in the Fast Splines method. The

Gaussianfunction is usedin the sameway asin the MIC method. The performance

is the sameO(n2).

The completeperformanceestimateof the Fast Splinesmethod is therefore:

O(n + n2 + n2) = O(n2) (5.5)

This is indeed the fastest of all the methods discussedin this thesis. The surfaces

producedby this result may exhibit slightly lower accuracyin exchangefor this fast

processing.
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Map Data and Accuracy Measures

The accuracyof a computed terrain surfaceis, of course,an important considera-

tion when choosinga reconstruction method appropriate for one'sneeds.It is also

impossibleto judge the quality of a three-dimensionalterrain model without knowl-

edgeof the data that wasusedin its production. In this chapter, we �rst discussthe

type and accuracyof the data usedin the production of DEMs. We then explain

several accuracymeasurements and discusstheir relative merits and drawbacks.

6.1 Input Data

We use contour data that has beendigitized to a regular grid for all of our

input data. A few test �les are synthetic, meaningthat they were createdby hand

using a drawing program such asxpaint . In such cases,contours were drawn with

a color representing the elevation. The colorswerechosento represent valid contour

intervals. Most of the data comesfrom USGSsourcesin the form of Digital Line

Graphs (DLGs). A DLG is a digital map data set in vector form. Among other

items, such as road and hydrography information, a DLG storescontours as a set

of nodesand lines which connect the nodes[83]. The nodesare stored as an (x; y)

pair denoting a physical location within the boundary coordinatesof the map given

at the beginning of the �le. The placement for the nodes is usually expressedin

meters,but can be feet as well, especially in older maps. The lines are guaranteed

to not intersect and always begin and end on distinct nodes. A contour is stored as

a set of nodestogether with the contour's elevation. The elevation is usually given

61
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in meters,but many maps,especially thosethat are older, show elevations in feet.

The largest USGSdatabaseis onewhich contains mapsof 1:24000scale.The

DLGs stored in this databaseare derived from published USGS7.5 minute maps.

An important consideration is the fact that the age of these maps can be as old

as 50 or more yearsand thereforemay not be as accurateas is possiblewith more

modern mapping techniques. Thesemaps are digitized using automated drafting

machines which have a resolution of 0.001 inch and absolute accuracyof between

0.003and 0.005inches. An interesting fact is that \the DLG data do not currently

carry quanti�ed accuracystatements [83]." This makes the processof determining

the accuracyof a surfacecomputed from such data problematic. However, DLGs

are checked for correctnessfor the following items:

1. File �delit y and completeness:the digitized data is visually comparedto proof

plots which were generatedby the drafting machines.

2. Attribute accuracy: each DLG stores not only lines representing contours

completewith their associated elevations, but also other information such as

roads, railroads, trails, hydrography, pipelines, and the like. Each attribute

hasan associated code. Thesecodesare checked againsta table of valid nodes

by software.

3. Topological�delit y: in this perhapsmost important category, the guidesimply

states: \The topologicalstructure of each DLG is fully validated by software."

The principle areaof validation is in the checking of line crossingsand similar

errors arising from the digitizing process.

The validation methods listed above apply to current DLG Level 3 maps, the

highest USGS quality standard. Future DLGs will also include additional error

checking for edgematching and for quality control 
ags which note the presenceof

alignment or attribute discontinuities.

The DLGs usedin this thesisweregatheredfrom USGSsourceson the World

Wide Web. Most were retrieved from the public FTP (File Transfer Protocol) site

from Xerox:
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ftp://spectrum.xerox.com/ pub/map/

This sourcecontains matching DLGs and DEMs for the samegeographiclocations,

enablingcomparisonsuseful for testing the performanceof reconstructionmethods.

The DLGs found at this site are stored in USGS's\optional" format. The format

simply de�nes the order of presentation of the multifarious attribute data within the

�le. Several processingstepsare necessaryin order to extract and convert the raw

data from the USGSformat to a regularn� n grid usedin the surfacereconstruction

software:

1. The line segments which form each contour are extracted from the DLG and

stored as a set of endpoints and the contour's associated elevation value.

2. Becausea DLG encompassesa largegeographicarea,its sizeis prohibitiv e for

testing our surfacereconstructionalgorithms. Thus, a grid sizeis chosensuch

that it mapsto a smaller,moremanageableareaof the DLG. The coordinates

of the boundariesof this virtual grid are noted. A real grid of the samesizeis

createdand initialized to zero.

3. For each of the line segments forming contours found in step 1:

(a) Digitized contour linesarecreatedfrom the endpoints of the line segments

using Bresenham'sline algorithm [29]. Note that aliasing problemsmay

occur at this stage.

(b) The individual line segments form a contour which is usually quite large.

The contour may be wholly visible, partially visible, or completelyinvisi-

ble within the de�ned boundaries.Therefore,the lines are clipped to the

boundaries.

(c) The clipped line segments with the original coordinates are normalized

to �t within the actual grid boundaries.

(d) The normalized line segments are mapped to the regular grid.

4. The last step is to store the grid in a Portable Gray Map (PGM) �le. This

format only needsthreeextra linesof headerinformation which describethe �le
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asa PGM �le, the sizeof the grid, and the maximum color value. Comments

may also be inserted. This format is convenient becausesuch �les can be

viewed easily using the publicly available graphicsvisualization program xv

[6].

The result of the above steps is a PGM �le which contains the elevations of

every contour within the de�ned boundaries. Other areashave elevation zero. For

the purposesof this thesis, we have made the grids square. However, this is not a

necessity for any of the DEM construction techniques. The �nal grid hasa one-unit

resolution, wherethe units correspond to thoseusedin the processedDLG.

6.2 Accuracy Measures

The accuracyevaluation of computedDEMs is an exercisefraught with danger.

We will present several quantitativ e measureswhich may be useful in determining

the accuracyof a DEM. However, theseresults may be misleading in somecases,

resulting in the conclusion that pure quantitativ e analysis of a surface may not

su�ce in determining its accuracy. A qualitativ e analysis may show errors not

easilyrecognizedby quantitativ emeasures.It is thereforedesirableto look at several

accuracyand smoothnessmeasuresto determine if a computed surfacemeets the

user'sneeds.

6.2.1 Smoothness

One way to quantify the smoothness of a surface is to compute the total

squaredcurvature C2 of a grid of n � n points [9]:

C2 =
nX

i =1

nX

j =1

(Ci;j )2 (6.1)

whereCi;j is the curvature at the point (x i ; yj ). The curvature is a function of zi;j

and canvary dependingon the accuracyof the measurement of curvature onewould
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like to achieve. One such function is:

Ci;j = zi;j � 1 + zi � 1;j + zi;j +1 + zi +1 ;j � 4zi;j (6.2)

Note that this measureof curvature is biased towards 
atness; if Ci;j = 0, the

surfaceis 
at. A more accurate function would include more neighbors, such as

Equation 2.4. The lower the squaredcurvature, the smoother the surface.

While the squaredcurvature (C2) is usefulfor comparingsurfacesderived from

the sameinput data, it is a sum of the curvature at each pixel and, as such, is of

no use in comparing surfacescomputed from di�erent data becausethe measure

dependson the number and steepnessof the input contours. It is also not useful

for assessingthe quality of one DEM unlessone knows a reliable total curvature

estimate of the area. In such cases,a more useful measureis the averageabsolute

curvature:

Cave =
1
n2

nX

i =1

nX

j =1

jCi;j j (6.3)

The closerCave is to 0, the smoother the surface. This measureis not a�ected by

the number of DEM points and is thereforeuseful in comparingsurfacescomputed

from di�erent contour maps.

ConsiderFigures6.1and6.2,surfacescomputedfrom the synthetic data shown

in 2.5. Notice the relative smoothness of the two surfaces. The total squared

curvature for Figure 6.1, computed using thin plate interpolation, is 8888:46. The

total squaredcurvature of the surfacein Figure 6.2, a thin plate approximation, is

1030:73,bearingout the intuition from visual inspection that Figure 6.2is smoother,

especially in the steepportions just slightly up from the center of the image. The

averagecurvature also supports this observation, with Cave = 0:096 and Cave =

0:056, respectively. Note that the averagecurvature is quite low, indicating that

both surfacesare relatively smooth.

While both measuresof curvature assigna numerical quantit y to a particular

surface,the nature of thesefunctions result in only an approximation of the global
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Figure 6.1: Surface computed
from synthetic contours using thin
plate metho d

Figure 6.2: Surface computed us-
ing thin plate with springs metho d

smoothnessof a surface. Unwanted local in
ections may not in
uence the global

smoothnessto a perceptibledegree.For example,a surfacemay be deemedsmooth

by its total squaredcurvature, but there may be small areaswherethe surfacecur-

vature is undesirable. In order to seesuch areasmore clearly, the relative curvature

of each grid point can be computedand shown in a graphical display, using shades

of gray or di�erent colorsto di�erentiate the curvature values. The total number of

grid points corresponding to each computedcurvature value can be plotted soasto

comparedi�erent surfacesdirectly. The relative curvatures of Figures 6.1 and 6.2

are shown in Figures 6.3 and 6.4 respectively. The darker the pixel, the higher the

curvature. It is important to note that the curvatures depicted in the �gures are

relative to curvatures in that �le ONLY! The two �gures can NOT be comparedto

oneanother. What the Figuresdo show is the location of the areaswith the highest

curvatures. Notice that in Figure 6.3, the highest curvatures are concentrated near

the steepportion of the hill. In Figure 6.4, the curvature is moreevenly spreadover

the entire surface.

The total number of points with certain absolute curvature values can be

plotted aswell. This is shown in Figure 6.5. From the graph, onecanascertainthat

the thin plate interpolation has more points with higher curvature than the thin

plate approximation. The maximum curvature of the interpolation is 21.0 (o� the

scale),while the maximum curvature of the approximation is only 1.9. Thus, the thin

plate interpolation has more areaswith higher curvature than the approximation,

explaining why the total squared curvature and the average curvature are both
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Figure 6.3: Relativ e curv ature of
the surface shown in Figure 6.1;
Dark er pixels = higher curv ature

Figure 6.4: Relativ e curv ature of
the surface shown in Figure 6.2

larger. Recall that the averagecurvature of both �les is relatively low. This is due

to the fact that in both cases,most points have a curvature of essentially zero(both

lines at the upper end of the scalein Figure 6.5 convergeto a curvature of 0).

6.2.2 Accuracy

Accuracy can be de�ned asthe di�erence betweenan observed data valueand

its corresponding computed value [89]. The usual measurement of accuracy of a

DEM is the root meansquareerror (RMSE) of the surface[66]:

RM SE =

vu
u
t 1

n2

n2X

i =1

(zi � wi )2 (6.4)

where zi = the interpolated DEM elevation of test point i

wi = the true (most probable) elevation of test point i

Obviously, one must have an accurate surfacewith which to compare. The

nature of computing surfacesfrom scattereddata implies that there is no previous

surfaceto which comparisonscan be made. The RMSE is still useful in that points

on the computedsurfacecan be comparedto the corresponding observed points on
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the contour map or in the set of scattereddata. We canalsocomparethe computed

surfaceto a USGSpublished DEM of the samearea. However, DEMs have errors

as well (seeSection6.3), so this is only useful for comparing di�erent methods on

the samedata set. When computing a surfaceapproximation, the lower the RMSE

the better the surface\�ts" the data.

Another method for determining accuracy can be found in [42], where the

slopessurroundinga point arecomparedto ascertainwhether the surfaceis smooth.

The paper further givesan algorithm which usesthe error information in order to

correct any anomaliesin the surface.

Using any of the above methods for determining smoothnessor accuracy, one

cantest a systemby recovering contours from a DEM, then producing a newsurface

from thesecontours. The resulting surfacecanbecomparedto the original DEM us-

ing any desiredmethod. One problem with this approach is that USGSDEMs have
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only 30 meter resolution, which makesthe creation of contours from this relatively

large-spaceddata rather inaccurate.

6.2.3 Qualitativ e Measures

Purely quantitativ e measurements of a DEM do not always determine the

accuracyof the surface. Often, thesemeasuresonly give an estimate of the overall

quality of the computedsurface.However, grossimperfectionsmay exist in a small

areaof a DEM which otherwiseexhibits good behavior. Wood and Fisher [89] have

proposeda visualization method which helpsdetect errors which may not be found

using conventional techniques. Although a commonmethod is to display contours

with various colors, this is not deemedadequate. A more useful visualization is

to display the surfaceas a shadedrelief map, changing contrasts or colorsso as to

seedi�erent aspects of the data. This method allows one to seeproblemssuch as

terracing. All of our results are displayed using the scienti�c visualization package

Dat aExplorer from IBM. This packageallowsthe userto view the surfacein three

dimensions.The imagecan be rotated easily. Zooming functions are alsoprovided,

allowing the user to view speci�c problem areas. Colors are assignedto elevations,

with blue being the lowest and red the highest. Although the usermay changethe

colors,it wasfound that the default colors,though not realistic, better di�erentiated

the elevations. Imagescreatedby Dat aExplorer are usedthroughout this thesis.

It is sometimesdi�cult to determinethe �t of a surfacerelative to the initial

contours even with a good visualization packageavailable. In such cases,it is often

desirableto plot a pro�le or crosssectionof the surface. The plot can be overlaid

on the original contour data, showing how well the surfacecorrespondsto the initial

data. This kind of plot is alsousefulfor comparingdi�erent reconstructionmethods.

For example,Figure 6.6 shows how the IC method follows the slope of the contours

better than the thin plate approximation method (the vertical lines represent the

initial contour elevations). This may not be obvious in the images,especially when

only grayscaleis available.

Computing the slope and aspect of a DEM and plotting the results can also

reveal problems in the surface. Laplacian �ltering can be used, as well as pro�le
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and plan convexity, found by computing the secondderivative in both the x and y

directions. The latter method may be best of all, sinceit showed someerrors that

werenot clearly represented by any other method in Wood and Fisher'sexperiments.

Finally, it is alsopossibleto visualizeRMSE or curvature (seeSection6.2.1,which

shows the locations of the areaswith the greatestand least accuracy.

6.2.4 Comparisons to USGS Standards

A good decisionon the smoothness/accuracyproblem can be madebasedon

the standardsset forth by the US GeologicalSurvey (USGS) for their own DEMs.

There exist 3 quality levelsfor the standard1:24000scale,7.5-by 7.5-minute, DEMs

[13]:

� Level 1 - no point should contain an error over 50 meters, a 7 � 7 array of

points should not be in error by more than 21 meters, and the maximum
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RMSE allowed is 15 meters. Furthermore, errors classi�ed as systematic (er-

rors introducedby the creation of the DEM which results in a bias or artifact

in the computed surface)are tolerated. Many such systematicerrors can oc-

cur in the very �rst stagesof DEM production; namely, in the samplingphase

[67]. The digitization processmay introduce errors (see[5] for more speci�c

information) aswell asthe problem of superimposingthe sampleddata onto a

regular grid. The latter problem hasbeenaddressedby someresearchers; see

eg. [9] and [77]. Systematicerrors that occur in any phaseof DEM generation

are propagatedto the next step.

� Level 2 - no point contains an error greaterthan two contour intervals and the

maximum RMSE allowed is one-halfcontour interval, not to exceed7 meters.

TheseDEMs havebeensmoothedand editedsoasto removesystematicerrors.

This can be done in a variety of ways; for example,by manual editing or by

using automatic methods such as described in [42] or [60].

� Level 3 - no point contains an error greater than one contour interval and

the maximum RMSE allowed is one-third contour interval, not to exceed7

meters. These maps have been further processedto insure positional and

hypsographicaccuracywith respect to planimetric data such astransportation

and hypsography.

It is interestingto note that the RMSE is computedusingonly 20control points

within a DEM. It is therefore adequateto compute the RMSE using the observed

data points when comparing a computed surfaceto the USGS standards because

the contours themselves will account for more than 20 points. Visual inspection,

often leading to manual editing, is a large component of the USGSprocess.Most

DEMs conform to Level 1 speci�cations, with newer DEMs conforming to level 2.

Even so,DEMs producedfrom contour data still showed signsof terracing aslate as

1991[2], indicating that surfaceswith obvious errorsstill conform to the standards.

If oneassumesthat all DEMs areof Level 2 quality, then the maximum RMSE

for a 20 unit contour interval can be as high as 10. If the unit is greater than a

meter, than the RMSE must be lower than 7. In either case,the RMSE found for our
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computed surfacesare well within the USGScriteria. For example,the RMSE for

the thin plate approximation on the synthetic data (Figure 6.2), wherethe contour

interval is 20 units and the number of control points is 1975,is no more than 0.687

units (seeChapter 7). Such a low RMSE suggeststhat it is reasonableto allow the

valuesat the observed points to deviateslightly to achieve a smoother surfacewhich

still conformsto USGSstandards.

6.3 Accuracy of USGS DEMs

The RMSE is a major error measurein the quality assessment of a surface.

By its nature, the equation needsa basis surfaceto which to compare. It seems

natural to useUSGSDEMs for this comparison.In order to understandthe RMSE

computed from such a comparison,it is essential to understandhow the DEM was

constructedand how accurateit is.

Burrough [11] claims that DEMs are usually made by sampling stereoscopic

aerial photographsusing photogrammetric instruments. This hasnot beenthe case

with the USGS in the past, although the original maps from which they do the

samplingmay bemadethis way. Newer DEMs may incorporate this newtechnology.

The production of USGSDEMs is explainedby Rinehart and Coleman[66].

DEMs are createdfrom published DLGs using a systemcalled DLG2DEM . Hyp-

sography information (contours), hydrography information (water bodies), pro�les,

and spot heights are extracted from a DLG. All of theseattributes are usedin the

creation of the DEM. The gridding processis done by Zycor's CTOG software in

the following four steps:

1. Four scanlines representing the 8 neighbors of a grid point are generated.All

intersectionsbetweenthe scanlines and featuresare determined.

2. An initial elevation for a grid point is computedby linearly interpolating along

the scan lines. Weights are also determined for each direction incorporating

slope information.

3. As was described in Chapter 2, a simplistic linear interpolation will cause

terraces. If a sequenceof identical elevations is detected,then a new elevation
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is determinedfor the grid location by following the slope information found in

the previousstep. Weights are recomputedfor the new point.

4. The �nal elevation is determined using a weighted averageincorporating the

weights found in steps2 and 3.

The DEMs computedusing the above method correspond to Level 1 or Level

2 accuracy. Acevedo[2] shows that typically theseDEMs still exhibit terracing and,

asof 1991,werestill beingproducedusingthe sameZycor software. Obviously, care

must be taken when comparingone'scomputedDEM to a USGSDEM.

Another issue to consider is the fact that the DEM is constructed from a

DLG. The DLG is alsoa digitized format in that it is built from paper maps. Even

assumingthat drawn maps are accurate (which they are not), digitization errors

exist [11]. For example,even the lines themselves are problematic. A 1-millimeter

drawn line on a 1:100000scalemap covers an area 100 meter wide; a 1-mm line

on a 1:24000map, the scaleusedin this work, covers an area 24 m wide, which is

signi�cant. The generalrule is to digitize the middle of the line, but this is di�cult

in practice. Curvespresent another problem, as the number of verticeschosenon a

particular line impacts its precision. There are even problemsregarding distortion

arising from the stretch of the paper. Other errors due to digitizing include one

contour which actually represents two, very closecontours, or one contour which

hasa split wherethe two closecontours diverge.

Other sourcesof errors include the age of the maps used in the digitizing

process,and the density of observations (i.e., needmore observations if areais very

irregular). The original maps may have problems in the original measurements,

such asthe positional accuracyfrom poor �eld work or paper shrinkage,simpledata

entry or operator errors, measurement errors and biasesin the particular surveyor

him/herself.

Obviously, errors are ubiquitous in the creation of DEMs. Errors can occur

at the initial measurement stage in the �eld, and can be a factor in the creation

of paper maps. The errors on the paper maps are then propagatedin the process

of creating DLGs. In addition, more errors are introduced in the form of paper

shrinkage and digitization errors. Finally, the compounded errors are propagated
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to the �nal DEMs, which alsosu�er from inaccuraciesin the interpolation process.

Thus, it is almost impossibleto quantify the overall accuracyof a DEM, making

comparisonsto them somewhatsuspect.



CHAPTER 7

I have had my results for a long time;

but I do not yet know how I am to arrive at them.

{ Karl Friedrich Gauss

Exp erimen tal Results

Many experiments wererun to test the e�ectivenessof all of the new methods. The

sampledata wasalsousedto createsurfacesusingtraditional thin plate methods for

comparisonpurposes.Somedata was synthetic, createdwith the program xpaint ,

while mostwasgatheredfrom USGSsources.Each data setwastestedwith each new

interpolation and/or approximation method. Imageswerecreatedfor each resulting

surfaceusing IBM's Dat aExplorer package. To better seevarious aspectsof the

surface,both a top view and either a sideor angledview of the surfacewerecreated.

An unfortunate aspect of this processis the addition of aliasing along the edgesof

someof the images.The jaggednessof theseedgesdo not re
ect the output of the

reconstruction techniques. This arti�cial \raggedness"should be fairly obvious to

the reader.

The quantitativ e results are shown in a table for each data set. This allows

direct comparison of the methods for that particular input. The measurements

include the total squaredcurvature (C2), the averageabsolute curvature (Cave),

the root meansquareerror of the surfaceas comparedto the original contour data

(RMSE1) , and the root mean squareerror of the surfaceas comparedto a USGS

DEM of the samelocation (RMSE2) , if applicable.

75
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Figure 7.1: Synthetic data

7.1 Results from Synthetic Data

The synthetic data is a grid of size 257� 257 containing contours with an

interval of 20 units. For convenience,it is shown again in Figure 7.1. The small size

of the �le makes it particularly conducive for testing purposes. The contours also

have su�cien t curvature at the southernand easternendsof the larger hill to cause

problemsfor thin plate methods. The closenessof the contours near the middle of

the larger hill exemplify digitizing errors. The 
at plain endsabruptly at each hill,

testing the continuity properties of the methods.

Although there is no DEM to which to compare,the synthetic data wasusedto

test the relative e�ectivenessof each method. The simplicity of the contours allows

one to easily seethe di�erence between methods. Figures 7.2 and 7.3 show the

surfaceresulting from the application of the thin plate interpolation. As described

in Section2.1.3, this surfaceexhibits both the terracing problem and the digitizing

error problem. The former can be seeneasily in Figure 7.2 along the southern

and easternendsof the larger hill, and the south-western area of the smaller hill.

The latter problem can be seenalong the steepface of the larger hill. Note, too,

the 
attened peaksin Figure 7.3. Table 7.1 shows the quantitativ e results of each

method. Notice that the total squaredcurvature of the thin plate interpolation is

8888and that the averageabsolutecurvature is 0.096. Both of thesemeasurements

must improve in order to seefewer digitizing errors.

Figures7.4 and 7.5 show the surfaceconstructedusing the thin plate approx-

imation technique. Notice how the digitization errors are smoothed considerably.

Someof the terracing, if it was not too pronouncedoriginally, is also improved; see
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Method C2 Cave RMSE1

Thin plate interpolation 8888 0.096 0.00
Thin plate approximation 1031 0.056 0.69
Thin plate under tension 11501 0.068 0.00
IC method 1356 0.062 0.88
Gradient Lines method 980 0.053 0.69
MIC method 804 0.046 1.52
Fast Spline (interp.) 17068 0.094 0.00
Fast Spline (approx.) 852 0.048 1.27

Table 7.1: Results from applying metho ds to synthetic data

Figure 7.2: Synthetic data: Thin plate in terp olation, top view

the south-western edgeof the smaller hill. However, the terracing in between the

larger contours of the larger hill is still present. The table shows that the total

squaredcurvature dropped to 1031,corresponding to the much smoother surface.

In exchangefor this smoothness,the RMSE1 rises,but is still very low.

It washoped that adding tension to the thin plate would reducethe terracing

e�ect. This method can not smooth out digitizing errors becauseit is a true inter-

polation technique.4 Figures 7.6 and 7.7 show the resulting surface. It is obvious

that this method doesnot provide a good surfacein areasof high contour curvature.

In theseareas,the surfaceacts like a rubber membrane stretched taught over the

contours, yielding sharp edges.This is further supported by the high total squared

4Allowing tension in a thin plate approximation yields a very smooth surface, but one where
the highest elevation of the surfaceis extremely compromised(i.e., the RMSE1 is very high).



78

Figure 7.3: Synthetic data: Thin plate in terp olation, side view

Figure 7.4: Synthetic data: Thin plate appro ximation, top view

curvature reported in Table7.1. Note alsothat the tops of the peaksare completely


attened.

The thin plate approximation has beenshown to reducethe digitizing prob-

lems. The main focus of the IC method is therefore to reducethe terracing e�ect.

Indeed, Figures 7.8 and 7.9 show a marked improvement in the terracing problem

areaswhile still exhibiting good curvature and RMSE1 measures. The improve-

ment in the terracing is further supported by looking at diagonal pro�les as shown

in Figure 7.10. Both the thin plate interpolation and approximation show \sags"

between somecontours, whereasthe IC method shows better slope continuity in

those areas. The thin plate methods also exhibit someGibbs phenomenaat the

junction of the hills and the 
at plain. Note that the IC method is shown only using

the thin plate approximation to producethe �nal surface.As shown previously, the

thin plate interpolation producessurfacesthat are not very smooth.

Figure 7.5: Synthetic data: Thin plate appro ximation, side view
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Figure 7.6: Synthetic data: Thin plate under tension, top view

Figure 7.7: Synthetic data: Thin plate under tension, side view

Figure 7.8: Synthetic data: IC metho d, top view

Figure 7.9: Synthetic data: IC metho d, side view
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Figure 7.10: Synthetic data: Pro�les of thin plate in terp olation, thin
plate appro ximation, and IC metho ds

The Gradient Lines method is another attempt at correcting the terracing

problem. In this case,splines that follow the steepest slope are computed. Fig-

ures 7.11and 7.12show the surfacewhich is very similar to the surfacecreatedby

the IC method. The curvature is slightly better for the gradient method as shown

in the table. The ridgeline is slightly smoother in Figure 7.12. The Gradient Lines

method is comparedto the IC method in pro�le form in Figure 7.15.

The MIC method is very similar to the IC method. As a result, the perfor-

manceof the MIC method is alsovery much the same.The di�erence results from

�v e iterations of the Gaussiansmoothing function which lowers the total curvature.

While the interpolating smoothing function results in a poor surface, the surface

producedusing the approximating smoothing function results in a very smooth sur-

face. Figures 7.13 and 7.14 show the surfacevery much like the IC surface,but

just a bit smoother. The price of achieving such smoothnessis accuracy. Table 7.1
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Figure 7.11: Synthetic data: Gradien t Lines metho d, top view

Figure 7.12: Synthetic data: Gradien t Lines metho d, side view

shows very good curvature �gures relative to the previous methods. However, the

RMSE1 is the highest of all methods. It is still quite acceptableif USGSstandards

are of interest. The MIC method is also included in the pro�le plot depicted in

Figure 7.15. This method is virtually indistinguishable from the IC method.

The Fast Spline method is the last method tested. Figures 7.16 and 7.17

show the method in conjunction with �v e iterations of the Gaussianinterpolating

Figure 7.13: Synthetic data: MIC metho d, top view
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Figure 7.14: Synthetic data: MIC metho d, side view

0

20

40

60

80

100

120

140

0 50 100 150 200 250 300

E
le

va
tio

n

x, y coordinates

Comparison of Diagonal Profiles

"original contours"
"IC method"

"gradient lines"
"MIC method"

Figure 7.15: Synthetic data: Pro�les of IC, Gradien t Lines, and MIC
metho ds

smoothing function. Although the ridge line of the large hill is well preserved, the

contours are visible becauseof aliasing errors. The rough areasalso explain the

poor curvature valuesshown in the table. The generalshape of the surfaceis quite

good, without obvious terraces. The substitution of the approximating Gaussian

smoothing function for the interpolating function results in a marked improvement

of the surfacewhich is depictedin Figures7.18and7.19. The curvature alsoimproves

while the RMSE1 rises,as one would expect. Figure 7.20 shows pro�les produced

by this method comparedto the MIC method. Notice that the splinesdo not follow

the contours quite as well as the MIC method. The splinesare computed in the
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Figure 7.16: Synthetic data: In terp olating Fast Spline metho d, top view

Figure 7.17: Synthetic data: In terp olating Fast Spline metho d, side view

horizontal andvertical directions,while the plot showsa diagonalpro�le. This shows

the weaknessof the Fast Splinemethod. The slightly poorer surfaceproducedby the

Fast Spline method is mediatedby the fact that it is the fastestof all the methods.

As a �nal note, both methods show a smoother transition betweenthe hills and the


at plain.

7.2 Results from USGS Data

In this section, we show the results of our algorithms using USGS contour

data. Becauseof the thin plate interpolation's rather poor performance,only the

thin plate approximation is usedin conjunction with the IC and gradient linesmeth-

ods. Similarly, the useof the Gaussianinterpolating smoothing function produces

surfaceswith poor curvature. Thus, for the MIC and Fast Splinemethods, only the

surfacesresulting from the useof the Gaussianapproximation smoothing function

are shown.
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Figure 7.18: Synthetic data: Appro ximating Fast Spline metho d, top
view

Figure 7.19: Synthetic data: Appro ximating Fast Spline metho d, side
view

7.2.1 Moun t Washington, New Hampshire

The �rst contour �le containing USGSdata is taken from Mount Washington,

New Hampshire. The original DLG was cropped to include the peak and someof

the nearby ravines.5 The contours are shown in Figure 7.21. The ravine shown in

the south-westernportion of the map is the famousTuckerman Ravine wheresome

of the �rst ski racesin the U.S. took place. It is also only of the few areasin the

easternU.S. whereavalanchesoccur. The rasterizedcontours �ll a 800� 800 grid.

The elevations are in metersand rangefrom 1100to 1900.The contour interval is 20

meters. This is essential for comparing to USGSRMSE standards. Unfortunately,

a USGSDEM of the sameareawas not available.

Figures 7.22 and 7.24 show the surface resulting from the thin plate inter-

polation method. The terracing is painfully obvious. The peak is also completely


at. The sharpedgesalongeach contour result in very poor curvatures asshown in

Table 7.2. The thin plate approximation, shown in Figures7.23and 7.25are much

5The map is rotated one quarter turn in the clockwise direction; that is, North points to the
right.
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Figure 7.20: Synthetic data: Pro�les of MIC, spline in terp olation, and
spline appro ximation metho ds

Figure 7.21: Con tours of Mt. Washington, NH
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Method C2 Cave RMSE1

Thin plate interpolation 153805 0.238 0.00
Thin plate approximation 17001 0.095 0.59
IC method 23279 0.104 1.92
Gradient Lines method 15623 0.083 0.59
MIC method 6376 0.060 1.73
Fast Spline method 8048 0.070 1.53

Table 7.2: Results from applying metho ds to Mt. Washington contours

Figure 7.22: Mt. Washington:
Thin plate in terp olation, top view

Figure 7.23: Mt. Washing-
ton: Thin plate appro ximation,
top view

smoother, but still exhibit very large terraces. While the smoothing of the edges

is a large factor in the improved total squaredcurvature and averagecurvature,

it is ironic that the terracesthemselves also contribute to the better quantitativ e

measures.ConsiderFigure 7.26. It shows the relative curvature of the thin plate

approximated surface. The darker shadesindicate higher curvature. In 
at areas,

which represent large terraces,the curvature is very low, contributing very little to

the total squaredcurvature.

Although the thin plate approximated surfaceyields good curvature, there is

signi�cant terracing over the entire area. The IC method, shown in Figures 7.27

and 7.29, exhibits much less terracing. However, the total squaredcurvature is
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Figure 7.24: Mt. Washington: Thin plate in terp olation, angled view

Figure 7.25: Mt. Washington: Thin plate appro ximation, angled view

actually higher than the thin plate approximation! As described in Chapter 3,

the intermediate contours may not be quite complete or in precisely the correct

location. The intermediate contours generatedfor the Mt. Washington data is

shown in Figure 7.28. In areaswherethe contours are extremely close,there will be

many new elevation points computed by the IC method. Someof those elevations

may be erroneous.The �nal step of the thin plate approximation will smooth out

most of these errors, but some will still remain. Figure 7.30 shows the relative

curvature of the IC method. The surfaceis smooth almost everywhere,with a few

exceptionsin areaswhere the contours are very close together. The situation is

further depicted in Figure 7.31. This plot shows the number of grid points with

a given absolute curvature. The thin plate interpolation shows the most points
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Figure 7.26: Mt. Washington: Relativ e curv ature of thin plate appro xi-
mation

with a given curvature and the fewest points with a curvature of zero. The thin

plate approximation hasmore points with an absolutecurvature of about 0.1. The

IC method has more points with a curvature of zero, but a few more with higher

curvature. Thus, the IC method can show a surfacewhich is generally smoother

at the expenseof somepoor local curvature. The performancein somelocal areas

createsthe somewhathigher total squaredcurvature of the IC method relative to

the thin plate approximation. This also bears out the weaknessof someof the

quantitativ e measures,as it seemsrather obvious that the IC method producesa

generallybetter surface.

The Gradient Linesmethod yields a good surface,both qualitativ ely asshown

in Figures7.32and 7.34and quantitativ ely, asshown in the Table7.2. The RMSE1

is very low, identical to the thin plate approximation, whereasthe total squared

curvature and the averageabsolutecurvature are both less.The MIC (Figures 7.33

and 7.35) and Fast Spline (Figures 7.36 and 7.37) methods both fare very well. In

both cases,ten iterations of the Gaussiansmoothing wereused. The curvatures are

both very low, about half of the next best method (Gradient Lines). As is to be

expectedusingthe Gaussiansmoothing, the RMSE1 is slightly higher. However, the
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Figure 7.27: Mt. Washington: IC
metho d, top view

Figure 7.28: Mt. Washington: In-
termediate contours

Figure 7.29: Mt. Washington: IC metho d, angled view

RMSE1 of 1.73for the MIC method correspondsto an error of only 1.7 meters. The

USGSRMSE standardsfor the highestlevel DEMs is one-third contour interval, not

to exceedseven meters. The contour interval of the Mt. Washington data is 20; a

RMSE1 of 1.7 is well below the USGSstandards. Figure 7.38shows the curvatures

of all of the methods.
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Figure 7.30: Mt. Washington: Curv ature using IC metho d
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Figure 7.31: Mt. Washington: Plot of curv atures comparing �rst three
metho ds
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Figure 7.32: Mt. Washington:
Gradien t Lines metho d, top view

Figure 7.33: Mt. Washington:
MIC metho d, top view

Figure 7.34: Mt. Washington: Gradien t Lines metho d, angled view
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Figure 7.35: Mt. Washington: MIC metho d, angled view

Figure 7.36: Mt. Washington: Fast Spline metho d with appro ximating
Gaussian smoothing, top view
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Figure 7.37: Mt. Washington: Fast Spline metho d with appro ximating
Gaussian smoothing, angled view
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Figure 7.39: Crater Lak e: Con-
tours

Figure 7.40: Crater Lak e: USGS
DEM, top view

Figure 7.41: Crater Lak e: USGS DEM, angled view

7.2.2 Crater Lak e, Oregon

This section shows the results of our methods using USGS contour data for

Crater Lake, Oregon. The grid sizeis 900� 900, the elevations are in feet ranging

from 6200to 7680,and the contour interval is 40 feet. The horizontal measurements

are in meters. The original contours are shown in Figure 7.39. A USGS DEM is

available for this contour map. The DEM, which has30 meter resolution, is shown

in Figures 7.40 and 7.41. Recall that RMSE2 in the table refers to the RMSE

of the surfacecomparedto the DEM. Furthermore, all methods yield an RMSE2

that is well within the USGS Level 3 quality standards, the highest quality level.

The DEM is extremely smooth, but becauseof its poor resolution, it is not very

detailed. The lake is in the lower south-westerncorner. This is a good test �le due

to its containing areasof both steepnessand 
atness.
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Method C2 Cave RMSE1 RMSE2

Thin plate interpolation 351121 0.223 0.00 8.75
Thin plate approximation 72987 0.138 1.29 8.69
IC method 93170 0.118 1.93 5.28
Gradient Lines method 72709 0.107 1.29 5.48
MIC method 29089 0.070 4.71 5.13
Fast Spline method 37633 0.082 3.96 5.46

Table 7.3: Results from applying metho ds to Crater Lak e data

Once again we begin by showing the result of the thin plate interpolation in

Figures 7.42 and 7.44. The terracing e�ects are obvious and result in a surface

with high curvature asshown in Table 7.3. The thin plate approximation, shown in

Figures 7.43and 7.45,smoothes the surfaceconsiderably, as was the casewith the

previous test �les. The area in which the contours are very dense(the south-west

corner) is very smooth, while terracing is prevalent in the lesssteepareas.

As was the casewith the Mt. Washington data, two iterations of intermedi-

ate contours, shown in Figure 7.46, alleviate the terracing situation. The �nal IC

surfacesare shown in Figures 7.47and 7.48. Several anomaliespresent themselves,

however. Notice, for example,the small indentation present just south-eastof the

center of the surfacein Figure 7.47. The weaknessof the IC method is the failure of

the intermediate contours to be generatedin all situations. In Figure 7.46,onecan

seethat new intermediate contours werenot generatedin the areain question. The

small indentation is the result of the thin plate approximation �lling the arearather

poorly. Other small artifacts are observable in the surfaceand are representativ e

of the sameproblem. The MIC method was developed partially to help resolve

such problem areas. Finally, becausethe contours were so widely spacedin the

input, somesmall terracing is still visible in the north-west and north-east corners

of Figure 7.47.

The presenceof theseerrors account for the curvatures being higher than the

thin plate approximation. However, while the RMSE1 is just slightly higher for

the IC method, its RMSE2 , that is, the RMSE comparedto the USGSDEM, is

almost 40%lower. This indicatesthat the surfaceasa whole is very accurate,at the
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expenseof somelocal roughness.We can also inspect a pro�le from the thin plate

approximation and IC methods, shown in Figure 7.49. This graph clear indicates

that the IC method follows the contours much better than the other methods with

much lessof the terracing phenomena.

The resulting surfacefrom the Gradient Lines method is smoother than the

result from the IC method as well as the thin plate approximation, as indicated in

Table7.3. The RMSE1 is alsolower than for the IC surface,although the RMSE2 is

just slightly higher. The surfaceitself is free of terraces,and looksvery good in the

areascontaining closelyspacedcontours. However, the surfaceexhibits somesmall

bumpinessin the 
atter areas,most likely due to poor gradient valuescomputed

from the initial thin plate surface.Someof thesesmall anomaliescan be seenin the

pro�le plot in Figure 7.56.

The MIC method was run with ten iterations of Gaussiansmoothing. The

surfacecreatedby the method, shown in Figures7.51and 7.53,aresomewhatsimilar

to the IC method, asmight be expected. The Gaussianfunction doesa much better

job at creating smooth surface,as indicated in the table. Remarkably, the RMSE2

is still very good and is actually lower than the IC method.

Lastly, we come to the Fast Spline method. Recall that this is the fastest

method. Someslight terracing is observable in Figures 7.54 and 7.55. There are

alsoa few small anomalies.However, the curvature remainsexcellent (seeTable7.3)

asdoesthe RMSE2 . Finally, the pro�les shown in Figure 7.56show that the Fast

Spline method follows the contours nearly as well as the more computationally

expensive Gradient Linesand MIC methods. Thus, there is a gain in computational

speedin return for slightly decreasedaccuracy.
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Figure 7.42: Crater Lak e: Thin
plate in terp olation, top view

Figure 7.43: Crater Lak e: Thin
plate appro ximation, top view

Figure 7.44: Crater Lak e: Thin plate in terp olation, angled view

Figure 7.45: Crater Lak e: Thin plate appro ximation, angled view
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Figure 7.46: Crater Lak e: Tw o it-
erations of in termediate contours

Figure 7.47: Crater Lak e: IC
metho d, top view

Figure 7.48: Crater Lak e: IC metho d, angled view
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Figure 7.49: Crater Lak e: Plot of pro�les for �rst three metho ds

Figure 7.50: Crater Lak e: Gradi-
ent lines metho d, top view

Figure 7.51: Crater Lak e: MIC
metho d, top view
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Figure 7.52: Crater Lak e: Gradien t lines metho d, angled view

Figure 7.53: Crater Lak e: MIC metho d, angled view

Figure 7.54: Crater Lak e: Fast Spline metho d, top view

Figure 7.55: Crater Lak e: Fast Spline metho d, angled view
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Figure 7.56: Crater Lak e: Plot of pro�les for last three metho ds
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Method C2 Cave RMSE1 RMSE2 # Errors
Thin plate approximation 45628 0.080 0.058 16.539 40
IC method 41228 0.059 0.458 15.973 8
Gradient Lines method 25894 0.052 0.068 16.425 13
MIC method 12905 0.035 1.483 15.968 5
Fast Spline 29685 0.057 1.240 16.034 6

Table 7.4: Results from applying metho ds to Boun tiful Peak �le.

7.2.3 Boun tiful Peak, Utah

Bountiful Peak is the areaof our last data set. Like the Crater Lake data, it

is derived from a USGS DLG, this time from a map representing Bountiful Peak

in Utah. For this map, we chosea 2100� 2100grid to test the robustnessof our

methods. The elevation is in feet, ranging from a low of 6720to a high of 8700. The

contour interval is 40 feet. The horizontal units are in meters. The USGS DEM

is shown in Figure 7.57. Just as with the Crater Lake DEM, it is smooth, but has

only 30 meter resolution. The original contour data is shown in Figure 7.58. Notice

how the contours are more evenly spaced,except in the very southern portions of

the map.

Becauseall of the previousinput �les have shown that the thin plate interpo-

lation doesnot producea good surface,the method is not usedin conjunction with

the Bountiful Peakdata. The thin plate approximation is usedasa baseline,and it

returns predictable results asshown in Figures7.59and 7.60. The contours are ob-

vious onceagain. Note the curvatures and RMSE valuesin Table 7.4. The RMSE2

is especially high, although it still falls into the Level 2 USGSDEM quality category.

Recall that the maximum RMSE for a Level 3 DEM is one-third contour interval,

which in this caseis 13.33feet. The table alsocontains an additional column which

gives the number of grid points that exceedone contour interval (40 feet), which

is the maximum allowed error for individual points in a USGSLevel 3 DEM. It is

possiblethat the DEM boundariesdo not match exactly the DLG boundarieswhich

could account for the rather high RMSE2 . However, the comparisonof the RMSE2

is still valid acrossthe sameinput data.

The IC method certainly gives a qualitativ ely better surface, as shown in
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Figure 7.57: Boun tiful Peak: USGS DEM

Figure 7.58: Boun tiful Peak: Con tours
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Figures 7.62 and 7.63. Someslight terracing exists in the southern areaswhere

the contours are widely spaced. Compared to the thin plate approximation, the

curvature of the IC surfaceis only slightly improved,asis the RMSE2 . The RMSE1

risessomewhat.The pro�les, shown in Figure 7.64are virtually indistinguishable.

Figures 7.65 and 7.66 show the surface resulting from the Gradient Lines

method. The surface is generally good, as indicated by its good curvature and

RMSE1 . However, in areaswherethe thin plate approximation fails (in the terraced

areasin the south), the Gradient Lines method fails as well becausethe gradients

are basedon the initial approximated surface.

The MIC method fares very well indeed on this input �le. The surfacesare

shown in Figures7.67and 7.68. Again, the Gaussiansmoothing is probably respon-

sible for the excellent curvature. Note that the RMSE1 is slightly higher.

At last, we come to the �nal test. Figures 7.69 and 7.70 show the surface

createdby the Fast Spline method. Although the total squaredcurvature is almost

doubled that of the MIC method, it is only slightly higher than the Gradient Lines

method. The RMSE1 and RMSE2 �gures are also in between the two other

methods. The surfacehasa slightly more terracedlook. Again, the accuracysu�ers

somewhatin exchangefor faster computation.
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Figure 7.59: Boun tiful Peak: Thin plate appro ximation, top view

Figure 7.60: Boun tiful Peak: Thin plate appro ximation, angled view
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Figure 7.61: Boun tiful Peak: Tw o iterations of in termediate contours
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Figure 7.62: Boun tiful Peak: IC metho d, top view

Figure 7.63: Boun tiful Peak: IC metho d, angled view
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Figure 7.65: Boun tiful Peak: Gradien t lines metho d, top view

Figure 7.66: Boun tiful Peak: Gradien t lines metho d, angled view
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Figure 7.67: Boun tiful Peak: MIC metho d, top view

Figure 7.68: Boun tiful Peak: MIC metho d, angled view
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Figure 7.69: Boun tiful Peak: Fast Spline metho d, top view

Figure 7.70: Boun tiful Peak: Fast Spline metho d, angled view



CHAPTER 8

All the words created cognitive dissonance.

{ Charles Stewart

Research Con tributions and Future Work

This chapter summarizesthe research contributions contained in this thesis. It will

alsoexplorethe relative merits and drawbacks of each of the newsurfacegeneration

methods. We concludewith a discussionof problemsand directions for future work.

8.1 Summary of Research Con tributions

This thesis discussedthe importance of Digital Elevation Models (DEMs) in

the Geographic Information Systems(GIS) community, and the relative scarcity

of accurate data. While there have been many approaches to DEM and general

surfacereconstruction, most techniquesstill produce surfaceswith qualitativ e and

quantitativ e defects.We �rst presented the method of surfacereconstructionusing

the thin plate model, and concludedthat the surfacessoconstructed,while smooth,

are not very accurateand often exhibit unnatural terracing. We presented four new

methods which all provide better surfacesthan thin plate methods alone. All of the

methods were tested with synthetic and USGSdata and analyzedfor smoothness

and accuracy.

The �rst to be exploredwas the Intermediate Contours, or IC, method. The

generalapproach is similar to that reported by Christensen[15], but the computation

is donein a much di�erent manner. The IC method createsnewcontours in between

existing contours in order to �ll in good elevation approximations in areaswherethin

plate methods fail. Once the intermediate contours are generated,the thin plate

approximation is applied to compute the �nal, smooth surface. This method fared
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very well with the Crater Lake data and not as well with the Mt. Washingtonand

Bountiful Peak data. This is not surprising, as the Crater Lake map exhibits large,


at portions which are prone to extremeterracing. Its computational performance

is on par with thin plate methods. Thus, one may concludethat this method is a

good choice if the input map contains contours with large, horizontal spacing.

The Gradient Lines method was the secondto be discussed. In this new

method, paths are createdwhich join local minima and maxima. The paths follow

the steepest slope. The potential weaknessof this method is that the slope is found

via gradients derived from an initial surface. The initial surfaceis computedusing

the thin plate approximation technique which is proneto terracing in many circum-

stances.Thus, an accurategradient may not always be found, limiting the exactness

of the gradient line �t. Oncethe path is determined,Catmull-Rom splinesare used

to interpolate which are very accurateand very smooth, having C2 continuity. The

�nal step in the processis to smooth the global surfacewith the thin plate approxi-

mation. This method proved to be the best of all newmethods in regardto RMSE1.

The total squaredcurvature wasalsobetter than the IC method for all of the USGS

data. Where it fared poorest in terms of total squaredcurvature was on the Crater

Lake data. This makes intuitiv e sensebecausethis �le has the largest 
at areas,

which in turn causesproblems for the thin plate approximation. Therefore, there

are 
at areaswhich do not return an accurategradient estimate. This method is

a good choice overall, but especially for �les that do not have large 
at areas. Its

performanceof O(n3) is rather high in exchangefor its accuracy.

It was recognizedthat the IC method had potential but that the thin plate

approximation portion did little to contribute to its performance.The MIC method

is an outgrowth of the method that needsno thin plate processing. Intermediate

contours are generateduntil the surface is almost completely computed. A new

method for computing peaksusing Hermite splineswas presented. Inverse-distance

weighting, normally not a good choice for interpolating, was shown to be a good

choice for the small gapsremaining in the surface. Finally, Gaussiansmoothing is

usedto createthe �nal surface.This newmethod createdsurfacesthat always exhib-

ited the lowest total squaredcurvature, while still maintaining acceptable RMSE1



114

and RMSE2 values. In fact, the RMSE2 waslowest for both applicableUSGS�les.

Although it is di�cult to quantify , its performanceof roughly O(n2 logn) is on par

with the best thin plate algorithms while producing smoother and more accurate

surfaces.

Finally, a newtechniqueemploying Catmull-Rom splinesin only the horizontal

and vertical directions was examined. By interleaving the splineshorizontally and

vertically, bias in the �nal surface is eliminated. The splines perform very well,

and in conjunction with the Gaussiansmoothing �lter, generatesurfacesthat had

consistently good curvature measureswhich wereonly slightly higher than the MIC

method, while returning RMSE1 valuesthat werebetter. The RMSE2 valueswere

just above the MIC method. Thus, the method performs admirably on all of the

�les, and hasa cost of only O(n2). In real terms, a surfacecan be generatedby the

Fast Spline method in only minutes, comparedto any of the other methods which

may take hours. For a good surfacewith an acceptablelevel of errors, the Fast

Splinemethod is a good choice. For most real-time applications, this method would

probably prove adequatefor displaying surfaces.

8.2 Future Work

As work progressedon this thesis, it becameapparent that many techniques

can be employed to reconstruct surfacesfrom contour data. This thesis explores

only a few possibilities. Some general directions for future work involve �tting

di�erent portions of the various algorithms together. For example,oncea gradient

lines surfaceis computed, instead of creating the �nal surfacewith the thin plate

approximation, the techniques in the MIC method could be employed. This may

generatea smoother surfacewhich would be computationally more e�cien t.

Therearemany speci�c problemswhich may beaddressedin the newmethods:

� IC and MIC methods: the intermediate contours are generatedby �nding

the closestneighbor using Bresenham'scircle algorithm. This algorithm is

not optimal in that it may miss the closestneighbor becauseof the nature of

digitizing in a circular fashion. It is also not very computationally e�cien t.
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A better breadth-�rst search could be found that would enhanceeliminate or

enhanceboth problems.

� Gradient Lines method: while this method is theoretically good, the obvious

drawback to this method is its reliance upon the thin plate approximation

surface for the gradients. Since it is known that such an approximation is


a wed, especially in 
atter areas,the gradients must be 
a wed in thoseareas

aswell. Perhapsthe useof the Fast Splinemethod or someother direct method

would enhanceperformance. A secondproblem is that due to the nature of

a regular grid, the gradient direction must be rounded to one of node's eight

neighbors.

� Fast Spline method: although smooth surfacesare generatedby this method,

the RMSE1 and RMSE2 are somewhatcompromiseddue at least in part to

the fact that splinesare run only in two directions. The addition of diagonal

splinesmay make the surfacemoreaccuratewhile adding little computational

cost.

Another research direction is in the mechanics of the surfacereconstruction

systemand the display of output surfaces.At present, the software is command-line

driven and very di�cult to use, especially for a non-expert. A GUI which would

provide a better interfacewould enhancethe systemconsiderably. Furthermore, an

especially valuable feature would be the display of surfaces,not only when they are

complete,but alsoasthey arecomputed. For example,it would be interesting to see

the result of intermediate contours beforeany subsequent processingis done. This

might show the relative merits or drawbacks of each part of the system,allowing the

user to �ne-tune the overall surfacereconstruction. It may also allow the designer

to determinethe problem areasin the methods.

It is apparent that current accuracyand smoothnessmeasuresare not ade-

quate. New methods for determining the validit y of a surfaceshould be explored.

This may take the form of looking at additional information in the surface,such as

the slope, or other statistical measuresto comparesurfacesto existing DEMs.

Finally, an interesting method that might apply to the creation of surfacesis
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conformalmapping. A conformalmap is a transformation of a plane that preserves

angles. Contours would be mapped to a surfacefor which accurate interpolation

techniquesexist. Once the interpolation is done, an inversetransformation would

map the surfaceback to the original plane.
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APPENDIX A

Trying is the �rst step towards failure.

{Homer Simpson

...sincethe mind of Odysseushas not wholly failed in you,

there is hope for the future, and I tell you that you will succeed.

{ Homer[45]

Failed Metho ds

This appendix discusses,brie
y , some methods that were examined and imple-

mented, but which did not compute adequatesurfacesor otherwise provide im-

provements to reconstruction techniques.

A.1 Pre-pro cessing to Impro ve Performance

The thin plate methods are known to be computationally expensive. Straight

iterativ e methods may perform aspoorly asO(n6) for a n � n grid. Although multi-

grid methods speedthe processto O(n2 logn) it is di�cult to convert algorithms to

the process. An observation regarding the thin plate method in general is that it

takesquite a while for non-data points to achieve a magnitude similar to the initial

data points. Thus, we computedan O(n2) initial surfaceby computing points along

rows of the grid basedon the last known contour elevation. This resulted in a very

terraced initial surface that would be smoothed by the thin plate method. The

actual result wasthat the performancewasnot signi�cantly improved, and that the

resulting surfaceswere sometimeslessaccurate.
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A.2 Cloth as a Mo del

An interesting idea was to usecloth as a material to drape over the contours

insteadof a thin plate. The ideagrewout of the papersfrom Weil [87]and Breenet

al [7, 8]. Due to the nature of cloth, it would be able to provide a true interpolation

without exhibiting Gibbs phenomena.However, if cloth were to be draped over the

contours, it would naturally sag due to gravit y, which is incorporated in Breen's

model. The idea was to compute the surfaceupside-down, and let gravit y act in an

inverted fashionon the surfacebetweencontours. Unfortunately, it wasnot possible

to control the \gravit y" so as to create a realistic surface. The result was that in

areaswherethin plate methodstypically produceterraces,the cloth model produced

upward-facing bulges.

A.3 Pruning Input Con tours

Eklundh and M�artensson[24] suggestthat, due to digitization errors, it is

helpful to actually eliminate someof the points in the contour data. The decisionas

to which points to eliminate is somewhatproblematic; oneidea is to simply remove

every nth point alonga given contour. The resulting surfacesare very much like the

thin plate approximation albeit with lesscontrol over the RMSE1 .

A.4 Increasing Grid Resolution

A similar ideato the pruning of input contours is to increasethe grid resolution.

Becausemany points in closeproximit y on the samecontour can result in 
at spots

in the surfaceusingthin plate techniques,increasingthe resolutionwould spreadout

such points. The thin plate would then haveadditional areain which to 
ex to create

a smoother surface. However, we found that the increasedresolution exacerbated

the terracing problem by increasingthe distancebetweenconsecutive contours.

A.5 Weighted Thin Plate In terp olation

One of the de�ciencies of the thin plate interpolation or approximation is

that there is no provision for preservingslope continuity acrossthe contour. By
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de�nition, the steepest slope is orthogonal to the tangent of a point on a contour.

We attempted to modify the thin plate equationsto take this fact into account by

weighting points along the orthogonal somewhathigher than the rest of the points

in the computational neighborhood. Our attempt failed but the approach seems

interesting.

A.6 Adaptiv e Fitting

Fasshauersuggeststhat somedata points on a surfacecontribute more cur-

vature errors than others [28]. The generalscheme is to produce a surface, then

discarddata points which account for the highestcurvatures. The surfaceis recom-

puted and the cyclerepeateduntil the desiredaccuracyis achieved. In applying this

to our methods, a thin plate surfacewas computed, and the data points with the

most curvature werediscarded.The surfaceonly showed modest improvement until

many of the o�ending (high curvature) points werediscarded.Sincethe points that

showed poor curvature tended to be clustered in the samelocation, many points

weredeletedfrom the samecontour line which, in e�ect, deletedthe entire contour

in that area. This createda surfacewhich therefore ignored signi�cant portions of

somecontours which resulted in very poor RMSE1 �gures.


